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Preface

The same question has to be asked again and again when another book
about a classical subject as Linear Algebra appears: why is it important?
Does it represent something new? Does it give a new perspective of the over
explored field?

As almost any other book of Mathematics, this one is levitating on the
shoulders of giants. In this case the most part of the shoulders belong to
Gilbert Strang. Although a lot of people have created in me a deep impres-
sion, none of them in this very particular field opened so widely the doors
for a new insight about the subject in particular and about Mathematics
in general. Albeit his remarkable books about the subject and about other
areas of Mathematics, the most influential words were in his little essay
entitled Too Much Calculus [23].

The Strang’s vision about a whole new future for Mathematics is rich and
revolutionary, not only because the direction he points out but also because
the connections he establishes with past subjects and methods. Following
his spirit, this book is not only about Mathematics in general and Linear
Algebra in particular, it is about a new way to think, to understand and,
above all, to practise Mathematics. In a certain way, this is a practical
philosophical book.

When I had to teach Linear Algebra for the first time it was in a very
special situation. The regular teacher of the discipline was pregnant and so
I was left alone with all the classes of that semester. At the same time I
was reading the classical book [12] by Ritchie and Kernighan and I started
to write my first computer programs. For that semester I was free to do
whatever I want to do about the discipline and so I started to get some
bibliographic references. It was at this time that I read my first Strang’s
book Linear Algebra and its Applications [22]. This reading was like a
wakening. There it was a book that points out the main goals of Linear
Algebra from the first page on: to find the solution of systems of linear
equations and eingenvalue problems.

So I decided to write some notes about the discipline. In these notes I
filled up some points with certain aspects that were not the main core of the
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vi Preface

Strang’s book. One example was the case of Linear Transformations. My
students of that semester were freshmen of Mechanical Engineering and so
they needed the fundamental aspects of rotations, reflexions and translac-
tions to work in robotics. It was a big challenge to introduce more advance
concepts like homogeneous coordinates at this level. The things went very
well mainly due to the fact that they knew the direction we were going to,
and because they worked very hard in a hands on approach.

These notes ended up to be transformed in a more general book, the
one you are reading. The original daring spirit is kept but the scope is of
course wider. This is not a book about classical Linear Algebra like [9], it is
not a book about Numerical Linear Algebra like [25] although it keeps a lot
of the geometrical spirit of [2]. It is a book that develops a powerful idea,
that a mathematical subject has a complete treatment only if it contains all
these aspects. This is an introductory book, so we do not dig too much in
all these different areas. However you will get a broad view of the subject
and most important, you will develop a critical view of Mathematics beyond
the contemplative art.

When you read the Strang’s books, you understand that something dif-
ferent is going on. Perhaps the most important is realizing that the problems
in Linear Algebra can be large scale problems. If you change your per-
spective for a while, please imagine that instead of the traditional systems
with three equations with three unknowns you have a system with five hun-
dred equations and, by now, the same number of unknowns. The thing
changes a little bit, doesn’t it?

In its core, besides decades of sterile abstraction, Linear Algebra has a
computational nature. What we try to do in here is to develop this aspect.
This will lead us back to the essay of Strang, and about the digital nature
of Mathematics. One of the most difficult hurdles to overcome when you
introduce yourself into a new mathematical field, it is to get the original
motivation for the conceptual framework developed in the theory. This
book tries to close this gap directly or by giving references to historical
background about the roots of the concepts.

With this I hope that you are able to understand the urgent nature of
the commitment of writing this book. I hope that the next hundreds of
pages are at the height of this commitment.

One final remark to the invisible people that are behind the production
of this book. These pages are written in LATEX, using the Emacs editor
and a bundle of different free software tools. No other model of software
development could lead to this level o perfection and altruism. Recognizing
my dept to this community, this book is released under the GNU Documen-
tation Licence. To all of them, that give us the deep impression that the
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world can be more than our own personal perspectives, an enormous thank
you!

a minha cidade tinha um rio
donde sobe hoje o cheiro a corações de lodo

e um eflúvio de enxofre e de moscas cercando
as cabeças dos vivos

| AL BERTO, Horto de Incêndio, (1997)

Morning found us calmly unware,
Noon burn gold into our hair,

At night we swam in laughing sea,
When summer’s gone, where will we be?

| JIM MORRISSON, Summer's almost gone, (1969)
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CHAPTER 1

Fundamental Concepts

In this chapter we introduce some fundamental concepts to start to play
around Linear Algebra. You may skip part or the entire chapter and refer to
it later. However we think that you should not do it because the concepts are
introduced in a way that represent the philosophical perspective presented
in the introduction. If you are already familiar with these, you will run fast,
if you do not, you will go slower. In both speeds, you savor the fundamental
mathematics.

One effort was done when I was thinking about this chapter, probably
the most difficult chapter to write in the all book. I want that you notice
the fundamental aspects in each concept without a giant machinery, I want
that you start to play fast. For example, in the case of permutations I could
introduce first the abstract ideas of group theory and only then talk about
permutations. In my opinion the fun would be completely lost. Group
Theory is an inportant subject in Mathematics, with a lot of wonderful
contents, but we do not need it here. So it is better to give a very nice
reference to study it properly elsewhere.

We want to go fast into delight. The problems at the end of the chapter
point out important directions to move in. So, if you read the all chapter
but miss the exercises, you will loose most part of the broad view of the
subjects treated in here.

1 Vectors and scalars.

Two fundamental concepts come into interplay when we talk about Linear
Algebra: scalars and vectors. The most basic difference is the way we use to
express scalars and vectors. Scalar quantities are just express by a number.
One the other hand vector quantities are express by n coordinates just like

v1 = (1, 2, 1, 2, 13, 4, 2), v2 = (1, 2).

As you will evolve through Linear Algebra, you will notice that are some
special vectors in each dimension called the canonical vectors, that in the
appropriate time will give rise to the canonical bases. The n-dimensional
canonical vectors are thus the n vectors

v1 = (1, 0, · · · , 0) , v2 = (0, 1, 0, · · · , 0) , . . . , vn = (0, · · · , 0, 1). (1.1)

1



2 1. Fundamental Concepts

By (1.1) the three dimensional canonical vectors are v1 = (1, 0, 0), v2 =
(0, 1, 0) and v3 = (0, 0, 1). It is important to establish right now a way to
get the j-th coordinate from a vector v. We will use the typical array v[j]
notation to refer to the j-th. Thus an n-dimensional vector is expressed as

v = (v[1], v[2], · · · , v[n]).

Notice that in most computer languages the previous statement would be
like v = (v[0], v[1], · · · , v[n− 1]), but we prefer the more conventional math-
ematical notation.

We introduce now the discrete version of Dirac δ-function called the
Kronecker delta. Is a very nice notation for some statements that would
otherwise be written in a cumbersome way. The Kronecker’s delta is defined
by

δij =

1, i = j

0, i 6= j.

Using the Kronecker’s delta, the canonical vectors is the set of n vectors
{v1, · · · , vn}, whose componentes are vk[i] = δki.

The different nature of these two concepts are clearly exposed when we
refer to them as physical quantities. To get this distinction we need to
introduce the concept of systems of coordinates.

A system of coordinates is just a way to express the relative position
among objects. To do this we consider a set of straight lines sharing only
one common point. Then, into each straight line we establish a coordinate
system by such a way that to each line the 0 position corresponds to the
intersection point. Given any point in this coordinate system, its position
is given by the coordinates in each system of coordinates in each line. In
each line the coordinate is the coordinate of the closest point to the object.
Note that in this definition we never imposed that the different lines are
perpendicular nor that their number is fixed. One of the great advantages
of the formalism of Linear Algebra is that, from a formal standpoint, the
concepts may gain very fast an uniformization through different dimensions.
This just means that the treatment of algebraic problems in two, three or
more dimensions is basically the same. In the figure 1 you may see two
different systems of coordinates. A cartesian systems of coordinates is a
system of coordinates whose lines have the same direction of the canonical
vectors. For example a cartesian coordinate system with two dimensions is
stated with two straight lines with the same direction of the vectors (1, 0)
and (0, 1).

From this point is very easy to understand the difference between scalars
and vectors. Scalars are the quantities that remain invariant under the
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Figure 1 Different coordinate systems.

change of coordinates. Of course that in opposition, vector quantities are
those that do not invariant under change of coordinates. To understand this
point we introduce a basic example.

Example 1.1 Consider a particle with mass m = 2gr that moves in the
direction of the vector v = (1, 1) and that in the instant t = 0 was at the
center of the system of cartesian coordinates. If we consider another system
of coordinates spanned by the lines with the same direction of the vectors
{(1, 0), (1, 1)}, the mass of the particle has not changed but its movement is
now given by the vector (0, 1). Notice what reamained invariant and what
has changed.

2 The Geometry of planes and straight lines.

3 The idea of proportion. Linearity.

4 Permutations.

The concept of permutation is a central concept in the understanding of
determinants. As we will see later, the evaluation of the composition or
product of two permutations may be reduced to the product of matrices.
This fact will speed up its computation, giving a elementary algorithm and
a very simple process to evaluate its sign. Although the algorithm to evaluate
the sign of a permutation is based in the calculation of a determinant, this
calculation will not represent a computational problem because most of the
entries of the matrices involved are null. Because of these facts, the relation
between determinants and permutations goes in both directions.

In here we will introduce the fundamental algebraic aspects about per-
mutations. Some of the details are not directly related with the later de-
velopment of the text, but are necessary for an insightful understanding of
further developments.



4 1. Fundamental Concepts

4.1 Definition and properties. Given a finite set A = {a, b, c, d} we
may assign a particular order over the elements of A. For example(

1 2 3 4
a b c d

)
and

(
1 2 3 4
b c d a

)
are to different orders over the elements of A. This notion is easily exten-
sible to every finite set. We introduce it with the set A just for a easier
understanding. The notation used in here and the first basic results about
permutations are due to Cauchy. For a further historical details about per-
mutations, see the note on [10], page 95.

Algebraically, a permutation is no more than a biunivocal correspon-
dence between to orders of a given set. Computationally is not the same if
this set is or it is not finite, but algebraically, the concept may be applied
to both cases without any particular remark. By this reason, we introduce
the concept in its most general form. Later, we will deal with the details.

Definition 1.1 Given a set A, a permutation φ : A → A is a map that
is both one-to-one and onto.

The number of permutations for a given finite set are finite. However
this number may be very large if the cardinal of the set is big. The deduction
of the number of permutations will be done by induction over the number of
elements, but first we give some light over the concept. After we caught the
main idea behind the concept, the proofs will carry on without any problem.

Consider again the set A = {a, b, c, d}. Now I fix a sequence with these
four letters and I use every letter of A exactly one time. Now you have
to find out what is the sequence that I had fixed with a finite number of
chances. What is the number of chances that you need to always win the
game unless you are a louzy player?

In the case of set A you have four different boxes where you can put
each of its elements. Among the possible choices we have those that keep
the a at the first position. Among these we have

a b c d

a c d b

a d b c.

Notice that we kept the a at the first position and made a circular movement
with the others. Every other move of this type will lead to a repetition.
However we have three more possibilities of choices keeping the element a

at the first position. In fact, if we exchange the original position of d and c

we get another order. Proceeding with the circular movement of these three
letters, keeping the a at the first position, we will get the rest of orders that
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keep the element a at the first position. By this way we are able to get

a b d c

a d c b

a c b d.

So we have 6 possible choices with a at the first position. If we move the
a along the possible positions we will get all the possible orders over the
elements of A, which led us to the number 24. This is the key idea to
compute and to count all the possible orders. The permutations are the
mathematical tools to move along the possible orders of the elements of A

and by this identification we see that the number of permutations is equal
to the number of orderings.

So we have two distinct things to worry about: the number of permu-
tations and the computation of these permutations. First we will deal with
the number 24. This number may not look very promissing but if we look
carefully we acknowledge that

24 = 4× 3× 2× 1 = 4!.

This allow us to speculate that given a set B with n elements then the
number of possible permutations is exactly n!. The proof that this number
is valid may be obtained by several ways. We prefer a constructive method
because, by this way, we may enlight all the properties of the subject and
this is related with the second part of the problem: the computation of all
possible permutations of the elements of A and thus of every finite set.

Imagine that we have only two elements c and d. Is very easy to see that
the possible permutations between this elements are

c d and d c.

If we want to perform the possible permutations with three elements b, c

and d, we just have to move the b along the possible permutations of the
rest of the elements. Thus we will obtain

b c d c b d c d b

b d c d b c d c b.
(1.2)

When we join the element a we will get by the same method the possi-
ble permutations with four elements. From the first three permutations in
(1.2) we get

a b c d b a c d b c a d b c d a

a c b d c a b d c b a d c b d a

a c d b c a d b c d a b c d b a.

(1.3)

By this method is easy to compute the rest of the permutations of the
elements of A. The advantage of this process is that now we can prove the
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hypothesis that the number of permutations of a finite set B with n elements
is exactly n!. This is done by induction over the number of elements of B.
In the case that B has only one element the proof is immediate. So let us
suppose that if B has n elements than the number of permutations is n!.

In the case that B has n + 1 elements then any subset of B with n

elements has n! permutations. Each of these permutations will generate n+1
new permutations with n + 1 elements with the previous method. Thus the
total number of permutations will be (n + 1)! as we wanted to show. This
important result is establish in the next proposition.

Proposition 1.1 Given a finite set A with n elements than the number
of permutations over A is n!.

The set of all permutations of a finite set A has a very interesting al-
gebraic structure as we will see soon. However in certain cases, this same
set have also a geometric representation. The next example explores the
identification of the set of permutations of A with the set of isometries.

Example 1.2 Consider a set A = {1, 2, 3} and the set of all permuta-
tions of set A that we will denote by S3. The six elements of S3 are

ρ1 =

(
1 2 3
1 2 3

)
µ1=

(
1 2 3
1 3 2

)

ρ2 =

(
1 2 3
2 3 1

)
µ2=

(
1 2 3
3 2 1

)

ρ3 =

(
1 2 3
3 1 2

)
µ3=

(
1 2 3
2 1 3

)

We can identify each element of S3 with an isometry of a equilateral triangle
represented in figure 2. Notice that ρi correspondes to a rotation and µi to
the reflection in the bisector of angles.

Figure 2 To each element of S3 correspondes an isometry of an equi-

lateral triangle.
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During the rest of the book we will come back to S3 because of its won-
derful algebraic and geometrical properties. Due to its geometrical meaning
sometimes S3 is represented by D3 or more generally Sn is represented by
Dn, the group of simmetries of a regular n-gon.

4.2 Product of Permutations. After we have introduced the concept
of permutations it is time to understand how to operate them. By definition,
permutations are maps that are both one-to-one and onto. It is very easy
to see that a composition of two or more these functions are still one-to-one
and onto maps. This means that the composition of permutations is also a
permutation.



Strangel, what kind of ground are you dancing on?

| YOUNG GODS, Only Heaven, (1995)



CHAPTER 2

Systems of linear equations

In this chapter we will develop the basic tools to solve systems of linear
equations. First we introduce a geometrical interpretation for its classifica-
tion. Then we move on the more computational matrix formulation of these
systems, introducing the necessary matrix operations and reducing the row
or column exchange to the product of a matrix by elementary or permuta-
tion matrices. From here is natural to proceed to Gauss’s elimination, with
a final jump into triangular factorization.

1 The geometry of linear systems.

1.1 Planar systems. A System of Linear Equations is just a set of
undetermined linear equations, whose solution, if exists, is a common solu-
tion of all equations that are part of it1. We give to you a simple example
of system with 2 equations and 2 unknownsx + y = 2

x + 2y = 1.
(2.1)

By the substitution method that you learnt in the high school it is easy
to see that this system has only one solution (x, y) = (3,−1). This is the
result of applying a algebraic technique to solve the problem. The solution
of a system of linear equations, as many mathematical problems, has also a
geometric meaning.

If you look from a different perspective you see that both equations of
system (2.1) represent straight lines in the plane as you probably know. Two
straight lines in the plane have 3 different relative positions: they keep a
constant positive distance between them (parallel), they intersect in a single
point (concurrent) or share all the points (coincident).

If a system of linear equations has an unique solution it means that
the two straight lines meet exactly at one point. In the case of the system
presented as example, it means that the straight lines x+y = 2 and x+2y = 1
intersect in the point of coordinates (x, y) = (3,−1).

1Is obvious that the equations that take part of the system might be determined but

that is not the general case.

9



10 2. Systems of linear equations

Take a look now to the next system of linear equations and try to figure
out the solutions of it. x + y = 2

2x + 2y = 4.
(2.2)

If you use again the substitution you will get a universal condition in the
second equation x + y = 2

2(2− y) + 2y = 4
⇔

x + y = 2

0 = 0.

Is this a problem? Not really (at least from a mathematical standpoint.)
This only means that the system has an infinite number of solutions. From
the geometric point of view this means that the straight lines x + y = 2
and 2x + 2y = 4 share all their points, so all the points from both lines are
solutions for the system (2.2).

Finally we have one more case to consider from the geometric considera-
tions that we produced before, the case where the straight lines are parallel.
Look over the system x + y = 1

x + y = 2.
(2.3)

Again, by the substitution method we can get the solutions (if they exist)
of the previous system. But look out with what we getx + y = 1

1− y + y = 2
⇔

x + y = 1

1 = 2.

We got an impossible condition in the second equation. This means that
the system has no solution. From geometry, this correspondes to the case
where the straight lines are parallel.

So we can get 3 types of systems of linear equations. In the first case
the system has exactly one solution, which means that the straight lines
that take part of the system meet at one point and nowhere else. In this
case we say that the system is possible and determined. In the case where
the system has infinite solutions, which correspondes to the case where the
points of one of the lines are also points of the other and vice-versa, we say
that the system is possible and undetermined. Finally, when the 2 straight
lines are parallel, the system does not have solutions in which case we say
that the system is impossible.

All these examples evolve in the plane. What does it happen if the
dimension of the embedded space gets bigger? Nothing changes! The pos-
sible classification for systems is the same, determined, undetermined and
impossible. So the richness of the spaces will be removed from the algebraic
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point of view. The analysis of system whose equations evolve in the 3 di-
mensional space will help us to understand this point. Generalizations to
higher dimension follow directly.

1.2 Spatial systems. We said in the previous section that the possi-
bles classifications of the sytems of linear equations do not change when we
change the dimension of the space where they evolve. To see this from a
closer look we will study now the 3-dimensional case.

We will start our analysis with an example of a possible system of 3
equations with 3 unknowns. So let us consider the linear system

x + y + z = 2

x + 2y + z = 2

x + 2y − z = 0.

(2.4)

The substituion now gets too boring to be an option so we will apply a more
sophisticated elimination process. The first goal is to eliminate the unknown
x in the second and in the third equation. Multiply the first equation by
−1 and sum the result in the second and third equations we will get the
equivalent system 

x + y + z = 2
y = 0
y − 2z = −2.

Finally we can eliminate the unknown y in the third equation if we multiply
the second equation by −1 and add it to the third. We will have

x + y + z = 2
y = 0

− 2z = −2.

Solving the last equation and proceeding with the back substitution we will
get the solution of the system (2.4)

x = 1
y = 0

z = 1.

Is there an equivalent geometric idea of the previous section where we
treated the determined system of 2 equations? In that case we saw a cor-
repondence between the algebraic solution of the system (unique solution)
and its geometric representation (straight lines meeting at one point). What
do we have in this case?

In the case of 3 equations with 3 unkowns, each equation correspondes
with the equation of a plane. Thus the solution of the system is the set of
all common points of the 3 planes.
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In three dimensions the role of straight lines in the plane is carried out
by planes. Thus, the relative positions of two planes in a 3 dimensional space
will be exactly the same as of two straight lines in a 2 dimensional space.
The parallelism of these concepts is due to the fact that the straight lines
and the planes are hyperplanes in the 2 and 3 dimensional case respectively,
i.e., its dimension is equal to the dimension of the space less one. So all
types of systems of linear equations have the same classification because the
equations that take part of them are always hyperplanes. If the system is
possible and determined then it means that the 3 planes have only 1 common
point. Remember that 2 planes if they intersect each other, they intersect
at least along a straight line. The next example shows a case where the 3
planes have no common points.

Consider the system of linear equations with 3 equations and 3 unknowns
x + y + z = 1

x + y + z = 2

x + 2y − z = 1.

(2.5)

As it’s easy to see, the first two equations represent 2 parallel planes, so they
do not intersect. Then the system is impossible because the 3 planes do not
have any common point. The elimination will make all this clear from the
algebraic point of view. As we did before, we first eliminate all the x’s in the
second and third equations multiplying the first equation by −1 and sum it
to the others equations

x + y + z = 1
0 = 1

y − 2z = 0

we get an impossible condition in the second equation, therefore the whole
system is thus impossible. Try to figure out what is the analogue geometric
situation in the case of 2 equations and 2 unkowns.

With these 2 examples we may see that the discussion about the systems
with 2 equations and 2 unknowns is quite similar with the cases of higher
dimension. We pretend now, based in the idea of elimination, to develop
a strategy to solve the systems of linear equations. From the previous ex-
amples we saw that all we use to solve a system are the coefficients of the
unknowns. The next step is to formulate these systems in a matrix form.
This is the decisive step in the direction of Linear Algebra.

2 Matrix formulation of Linear Systems.

2.1 First operations of matrices. Before we enter in the matrix for-
mulation of the linear systems we will give simple definitions about the
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(a) One common point. (b) No common points.

Figure 1 Relative positions of 3 planes.

matrix itself. The idea of matrix has nothing special. Different persons
may look to the same matrix and see quite different meanings in it. For
us, for the moment, a matrix is simply a rectangle with numbers or a two
dimensional vector container like2 3 2 3

1 0 0 1
2 3 1 1

 , (2.6)

for which we have rules to sum with other matrices and to multiply by a
scalar2 or by another matrices. For example[

1 2
1 0 1

]

is not a matrix because is not a rectangle with numbers. Looking again for
the matrix (2.6), it has 3 rows and 4 columns. By this reason we say that
this matrix is of the type 3× 4. More generally, if a matrix is of type n×m

it means that it has n rows and m columns. A special case are the column
matrices, the matrices of the type n × 1. Formally, a n × m matrix A is
defined as

A = [aij ]

where i = 1, . . . , n and j = 1, . . . ,m. From now on we will represent the vec-
tors by a column matrix. For example, the vector v = (1, 2, 1) is represented

2A scalar is just a number, real or complex. The reason why it has this name will be

clear when we will introduce the concept of linear space.
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by the column matrix

v =

1
2
1

 .

When the number of rows and columns of a matrix is the same then the
matrix is called square matrix. One special square matrix is the identity
matrix of order n represented by In or simply by I when it can not cause
confusion, defined by

In = [aij ] =

0 if i 6= j

1 if i = j.

Example 2.1 We present here example of identity matrix of several or-
ders. The name identity will be clear when we introduce the matrix product.

I2 =

[
1 0
0 1

]
I3 =

1 0 0
0 1 0
0 0 1

 I4 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

For the moment we will introduce only three matrices operations: the
sum, the product by a scalar and the transposition. The sum of matrices is
like the sum of 2 vectores (indeed, as we saw, the vector is very special kind
of matrix). With this in mind we easily acknowledge the basic properties of
the sum of 2 matrices. As in the case of vectors we only can sum matrices of
the same type, in which case the result will be another matrix of the same
type. For example consider again the matrix (2.6) and the matrix1 0 1 0

0 1 0 1
1 0 0 1

 .

The sum of these 2 matrix will be the matrix2 3 2 3
1 0 0 1
2 3 1 1

+

1 0 1 0
0 1 0 1
1 0 0 1


3 3 3 3

1 1 0 2
3 3 1 2

 .

The product of a scalar by a matrix is also very easy to define. Taking
again the matrix (2.6) and the scalar 2, the product will be

2 ·

2 3 2 3
1 0 0 1
2 3 1 1

 =

4 6 4 6
2 0 0 2
4 6 2 2

 .

Is immediately that the sum of matrices is commutative and associative
due to the fact that these properties hold in R and C. Thus, to any three
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matrices A, B and C we have

A + B = B + A and (A + B) + C = A + (B + C).

The transposition of a matrix A of type n ×m will be a matrix AT of
type m×n in which the k-esimal row of AT is the k-esimal column of A and
p-esimal column of AT is the p-esimal row of A. In the case of the matrix
(2.6) its transpose is 2 3 2 3

1 0 0 1
2 3 1 1


T

=


2 1 2
3 0 3
2 0 1
3 1 1

 .

Formally, the three operations that we have introduced until now may
be defined by

A + B = [aij ] + [bij ] = [aij + bij ],

λ ·A = λ · [aij ] = [λ · aij ],

AT = [aij ]T = [aji].

2.2 Matrix Product. The reason why we devote a special section to
the matrix product is because is not so obvious as the previous operations
and, above all, because it has wonderfull properties (and a lack of others
that would keep the things easier.)

Given 2 matrices A and B, the entry cij of the matrix C that is the
result of the product of A by B is the inner product of the i-esimal row of
matrix A with the j-esimal column of B. Formally

cij =
p∑

k=1

aik · bkj . (2.7)

The definition of matrix product says implicitly that we can do the product
only if the number of columns of A is equal to the number of the rows of B.
Otherwise the inner product of rows by columns is not possible. The next
set of examples will help the reader to decipher the formal language present
in the definition.

Example 2.2 Consider the matrices A and B defined by

A =

[
1 2
2 4

]
B =

[
2 1 3 4 5
1 2 3 4 5

]
.

The product of these 2 matrices is the matrix C which entries are defined by
the inner product of the rows of A by the columns of B. Thus, the entry c11

will be

c11 = a11 · b11 + a12 · b21 = 1 · 2 + 2 · 1 = 4.
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By the same reasoning we calculate all the other entries for the matrix C

and get

C =

[
4 5 9 12 15
8 10 18 24 30

]
It is easy to observe that the B · A can not be computed because the

number of columns of B and the number of rows of A are different.

After this introductory example we may be creative. The matrix product
is a powerful tool for compute the elimination, our main goal at the moment.
We will start by exchanging rows and columns.

We will be consider a special (and useful) matrix, the so called permu-
tation matrix. They are a rearrangement of rows of identity matrix. For the
moment we will consider only the three permutation matrices of order 3

P12 =

0 1 0
1 0 0
0 0 1

 P13 =

0 0 1
0 1 0
1 0 0

 P23 =

1 0 0
0 0 1
0 1 0

 .

Later we will define permutation matrices in a more general sense. As we
will see these matrices are quite useful. They will allow us to rearrange the
order of the rows or of the columns of a matrix. This ability will lead us to
the process of factorization of a matrix. The next example will help us to
understand the result of the product of this kind of matrices.

Example 2.3 Consider the square matrix A defined by

A =

1 2 3
2 1 1
3 3 1

 .

The result of the product of this matrices by matrices of permutation is

P12 ·A =

2 1 1
1 2 3
3 3 1

 P13 ·A =

3 3 1
2 1 1
1 2 3

 P23 ·A =

1 2 3
3 3 1
2 1 1

 .

On the other hand, if we commute the previous products we will get a sur-
prising result. Commuting the products we have

A · P12 =

2 1 3
1 2 1
3 3 1

 A · P13 =

3 2 1
1 1 2
1 3 3

 A · P23 =

1 3 2
2 1 1
1 3 3

 .

So if we multiply at left a matrix of permutation by any other matrix we
will change rows. On the other hand, if do the product at right side we will
change columns. This fact is enough to show that the product of matrices is
not in general commutative.
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The matrix that we used in the previous example was a square ma-
trix. The next example analyses what happens when we have a rectangular
matrix.

Example 2.4 Consider now a rectangular matrix B defined by

B =

[
1 2 3 4
1 1 1 1

]
.

At left we are able to multiply by permutation matrix of order 2. There are
only one permutation matrix of this order, the matrix P12. Thus the product
will be

P12 ·B =

[
1 1 1 1
1 2 3 4

]
.

On the other hand, at its right, we are able to multiply only by permutation
matrices of order 4 (and there are 4! of these matrices). For example

B · P24 =

[
1 4 3 2
1 1 1 1

]
, B · P14 =

[
4 2 3 1
1 1 1 1

]
.

The next definition states properly the concept of permutation matrix.
It generalizes the previous examples.

Definition 2.1 A square matrix P , with n rows, is a permutation matrix
if P 2 = In.

Don’t loose the touch with our goal: we want to compute the elimination
process that will lead us to the solution of a system of linear equations. We
already know how to change rows and columns of a matrix. What we need
now is to reduce elimination to the matrix product. For this, we introduce
another useful kind of matrices, the elementary matrices. The next few
examples explore its importance.

Example 2.5 Consider the matrix A defined by

A =

[
1 2 3
1 1 1

]
.

Using the matrix E21(1) defined by

E21(1) =

[
1 0
1 1

]
we can compute the sum of the rows of A and put it in the second row of
another matrix, call it B,

B = E21(1) ·A =

[
1 2 3
2 3 4

]
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To reverse this operation we may multiply the matrix B on its left by the
matrix E21(−1) and get back the original matrix.

We can do the analogous in the case of columns. As we saw before, to
compute operations over the columns we have to multiply A by a matrix on
its right. By the fact that A has 3 columns, the matrix that implements this
operation is a square matrix of order 3. Consider the matrix E12(1) defined
by

E12(1) =

1 1 0
0 1 0
0 0 1


then the product A · E12(1) will give the desired result

A · E12(1) =

[
1 3 3
1 2 1

]
.

As exercise, try to reverse this operation and get back the original matrix A.
We notice before in the case of the rows that to reverse the operation made
by Eij(l) we just had to multiply by Eij(−l) at the same side.

The notation that we use in here to refer to the elementary matrices
is somehow incovenient because two different matrices are denoted by the
same notation. For example the matrices

[
1 0
2 1

]
,

1 0 0
2 1 0
0 0 1

 ,


1 0 0 0
2 1 0 0
0 0 1 0
0 0 0 1

 , · · ·

are all denoted by E21(2), although they are different3. However we prefer
do not use a heavy notation to refer to these kind of matrices, because their
use is always in context where no misunderstanding may occur.

By the previous example it is easy to understand the value of these
matrices in the process of elimination. Next we present a formal definition
of elementary matrix.

Definition 2.2 The elementary matrix of order n is a square matrix of
order n that we will call Eij(l) such that all entries are equal to the entries
of the identity matrix except the entry ij that is equal to l.

The next definition establishes an important class of matrix that we will
emerge in the elimination process.

3In the sense that they do not contain the same number of elements. For a mathe-

matician is everything or nothing.
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Definition 2.3 Given a matrix A = [aij ] of type n ×m we call main
diagonal of A to the set of entries akk with k = 1, . . . ,min{n, m}. The
matrix A is called upper-triangular matrix if all the entries beneath the main
diagonal are 0. On the other hand, if all entries above the main diagonal
are 0 then A is called lower-triangular.

The elimination is just a process to reduce a matrix to an upper triangu-
lar one. It is also important to acknowledge that the elementary matrices are
triangular. The importance of this fact is related to triangular factorization
of a matrix that we will carry out. Right now we will implement the elim-
ination process based only in the product by permutation and elementary
matrices.

Example 2.6 Consider the square matrix A = [aij ] defined by

A =

1 2 3
1 0 −1
1 1 2

 .

We will try to obtain a triangular matrix, call it A′, from the elimination of
the entries of A beneath the main diagonal. The first entry that we have to
eliminate is the entry a21. With the multiplication E21(−1) ·A we get

B1 = E21(−1) ·A =

1 2 3
0 −2 −4
1 1 2

 .

Proceeding, to eliminate the position a31 we have to calculate E31(−1) ·B1.
We will call the result of this product B2 defined by

B2 = E31(−1) ·B1 =

1 2 3
0 −2 −4
0 −1 −1

 .

The final step toward the promissed triangular matrix is to multiply E32(−1/2)
by B2. Then we will get the triangular matrix U defined by

U = E32(−1/2) ·B2 =

1 2 3
0 −2 −4
0 0 1

 .

Thus U = E32(−1/2) · E31(−1) · E21(−1) ·A.

The entries of the main diagonal of B3 are called the pivots of matrix
A. These numbers have a fundamental role in the development of our work.
Note that the product of upper triangular matrices is also an upper trian-
gular matrix. The proof of this result is left as exercise (see exercise 2).
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Definition 2.4 (Pivots for a non-singular matrix) The pivots of a square
matrix A are the non-zero entries in the main diagonal after the matrix had
been reduced to an upper-triangular matrix. If the number of pivots is equal
to the number of rows or columns of A, the matrix A is said non-singular.
The matrix is said singular if the opposite occurs.

The last definition does not state the concept of pivot for a non-square
matrix. Obviously a rectangular matrix may also be reduced to a triangular
matrix. However is clear that a rectangular matrix is always singular because
the number of pivots can at most be equal to the minimum between the
number of rows and the number of columns. The reason and the importance
for this criterium will become clear when we advance further.

From this observation and with the next examples that we will analyse
we will be able to notice that this definition is quite incomplete. However it
is better to start with a much more simple case and, as we proceed, we will
get a cleaner view of this central concept. The next example shows a case
where we do not get all the pivots that we were hoping for.

Example 2.7 Let us perturb a litle the matrix A and get a matrix A′

defined by

A′ =

 1 2 3
−1 1 0
1 1 1

 .

If we proceed as in the previous example we will get at the second step of
elimination the matrix B′

2 defined by

B′
2 =

1 2 3
0 −2 −4
0 −1 −2


and finally the (degenerated) triangular matrix B′

3 defined by

B′
3 =

1 2 3
0 −2 −4
0 0 0

 .

The pivots of the matrix A′ are 1 and −2. We do not consider the 0 as
a pivot because it is useless in the process of elimination. The matrix A′,
although a square-matrix, is singular because the number of pivots is less
than the number of rows.

The previous example showed to us that sometimes is not possible to
get an upper triangular matrix from the process of elimination. This fact
is not surprising if we think that sometimes the systems of linear equations
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are not determined. The next example explores the case where we have to
change the rows in order to proceed the elimination.

Example 2.8 Consider the square matrix A′′ given by

A′′ =


1 2 0 1
−1 −2 0 1
1 1 1 1
1 −1 0 1

 .

As usual, a matrix B′′
1 is obtained after the elimination of the first column

of A′′

B′′
1 = E41(−1) · E31(−1) · E21(1) ·A =


1 2 0 1
0 0 0 2
0 −1 1 0
0 −3 0 0

 .

Now we got into trouble because the entry b22 of matrix B′′
1 is equal to 0

and thus it can not be used to eliminate the rest of the entries in the second
column. The good thing to do was to exchange the second and the fourth
rows of this matrix because by this way the resulting fourth row was already
in the desirable form. To do that we only need to multiply on the left of B′′

1

the permutation matrix of order 4 P24. Therefore we will get

B1 = P24 ·B′′
1 =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 ·


1 2 0 1
0 0 0 2
0 −1 1 0
0 −3 0 0

 =


1 2 0 1
0 −3 0 0
0 −1 1 0
0 0 0 2

 .

Now that we put everything in the right position we are able to proceed with
the elimination. In fact there are only one last step to do

E32(−1/3) ·B1 =


1 2 0 1
0 −3 0 0
0 0 1 0
0 0 0 2

 ,

so we finally got an upper-triangular square matrix and the process of elim-
ination is over. Notice that in this case, the factorization of the original
matrix will contain a permutation matrix on it. It is a simple exercise to
write it down.

In the previous example we found a situation where momentously we
could not proceed with the elimination. Thanks to the row exchange we
overcame this problem. This is not always the case as we can see in the next
example.
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Example 2.9 Consider the square matrix A defined by

A =

1 2 1
1 2 0
1 2 2

 .

In the first step of elimination we get the degenarated upper-triangular ma-
trix

B1 = E21(−1) · E31(−1) ·A =

1 2 1
0 0 −1
0 0 1

 .

The last step toward the complete elimination will be

B2 = E32(1) ·B1 =

1 2 1
0 0 −1
0 0 0

 . (2.8)

Notice that this matrix only has 2 pivots and that one of them is not at the
main diagonal.

The matrix (2.6) is said to be reduced to the echelon form because we
can not proceed with the downward elimination. With this more wider view
we can introduce now a more general definition of pivot of a matrix. Notice
the differences between definition 2.4 and definition 2.5.

Definition 2.5 (Pivots of a general matrix) The pivot of a matrix A is
the first no-null entry of each row after the matrix has been reduced to the
echelon form.

An upper-triangular matrix is thus a special case of echelon form and
that the definition 2.5 does not impose that the matrix has to be square
(indeed it does not say anything about the matrix). Given a general matrix,
the next definition tells us how many pivots do this matrix has.

Definition 2.6 Given a matrix A, the rank of A, denoted by rank(A), is
the number of non-null rows of A after it has been reduced to the respective
echelon form.

For example the rank of the matrix B2 in (2.8) is equal to 2. We will see
that the rank of a matrix is a central concept in the classification of systems
of linear equations that we will study bellow. We remark also that the rank
of a matrix is equal to the number of pivots. At this point is perhaps natural
to ask if we could get a different number of pivots if we had evaluate the
elimination not on rows but on columns. The answer is no. This is a general
result, valid not only to square matrix, but also for any rectangular matrix.

Teorema 2.1 The number of pivots of any matrix is constant, whether
the elimination is produced on rows or on columns.
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2.3 Gaussian elimination. As we could observe previously, all we
need to solve a system of linear equations are the coefficients of the several
unknowns and the inhomogeneous terms. The matrix formulation of a sys-
tem of linear equations will look only to these coefficients. The immediately
reward of this kind of formulation is the great performance that we achieve
in the computation of large systems. For the start let us consider again the
system 

x + y + z = 2

x + 2y + z = 2

x + 2y − z = 0.

(2.9)

For the matrix formulation of this system we will consider two matrices
that traditionally are called A and b. The matrix A is called the matrix of
coefficients and for the system (2.9) it is defined by

A =

1 1 1
1 2 1
1 2 −1


The matrix b is called the matrix of inhomogeneous terms and for the system
(2.9) is defined by the column matrix

b =

2
2
0

 .

The system (2.9) is thus formulated by the matrix equation AX = b, where

X =

x

y

z


is called the the matrix of unknowns. Of course that the process of elimi-
nation of matrix A will lead us to an upper-triangular matrix, call it U , in
which is easier to proceed with a backward substitution. Thus, to reduce
the matrix A to its echelon form proceed as in the previous section1 1 1

1 2 1
1 2 −1

 −−−−−→
E21(−1)

1 1 1
0 1 0
1 2 −1

 −−−−−→
E31(−1)

1 1 1
0 1 0
0 1 −2

 ,

where the arrow represent the multiplication by the correspondent elimina-
tion matrix indicated bellow the arrow at its left, producing in this way the
necessary operations among the rows of the matrix. To finish the elimination
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there is just one step left to get the upper-triangular matrix U1 1 1
0 1 0
0 1 −2

 −−−−−→
E32(−1)

1 1 1
0 1 0
0 0 −2

 .

In this case we may proceed until we get a diagonal matrix doing1 1 1
0 1 0
0 0 −2

 −−−−−→
E13(1/2)

1 1 0
0 1 0
0 0 −2

 −−−−−→
E12(−1)

1 0 0
0 1 0
0 0 −2

 .

To solve the system we just have to reproduce the same operation over
the matrix b that we made over A. Thus2

2
0

 −−−−−→
E21(−1)

2
0
0

 −−−−−→
E31(−1)

 2
0
−2

 −−−−−→
E32(−1)

 2
0
−2

 .

Continuing upward we will finally have 2
0
−2

 −−−−−→
E13(1/2)

 1
0
−2

 −−−−−→
E12(−1)

 1
0
−2

 .

At the end of all these operations we will have, in its matrix formulation,
the simplified system 1 0 0

0 1 0
0 0 −2

 ·
x

y

z

 =

 1
0
−2

 .

This matricial equation is equivalent to the usual system and the respective
solution 

x = 1

y = 0

−2z = −2

⇔


x = 1

y = 0

z = 1.

We may speed up the Gaussian elimination by using the augmented
matrix. This matrix is just the result of the join between the matrix of co-
efficients and the column matrix of inhomogeneus terms. The next example
will explore this improvement, computing everything at the same time.

Example 2.10 Consider the system of linear equations
x + y + z = 1

x− y + 2z = 3

y + z = −2.
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The augmented matrix for this system is the matrix1 1 1 1
1 −1 2 3
0 1 1 −2

 −−−−−→
E21(−1)

1 1 1 1
0 −2 1 2
0 1 1 −2

 −−−−−→
E32(1/2)

1 1 1 1
0 −2 1 2
0 0 3

2 −1

 .

This last system is equivalent to the system1 1 1 1
0 −2 1 2
0 0 3

2 −1

 −−−−−→
D3(2/3)

1 1 1 1
0 −2 1 2
0 0 1 −2/3

 ,

where the matrix D3(2/3) is defined by

D3(2/3) =

1 0 0
0 1 0
0 0 2/3

 .

Proceeding with the upward elimination we will get1 1 1 1
0 −2 1 2
0 0 1 −2

3

 −−−−−→
E23(−1)

1 1 1 1
0 −2 0 8

3

0 0 1 −2
3

 −−−−−→
E13(−1)

1 1 0 5
3

0 −2 0 8
3

0 0 1 −2
3

 .

Proceeding as before we will be able to solve the system. Thus, using the ele-
mentary matrices and the matrices like D2(−1/2) we will reach the solution
of the system1 1 0 5

3

0 −2 0 8
3

0 0 1 −2
3

 −−−−−−→
D2(−1/2)

1 1 0 5
3

0 1 0 −4
3

0 0 1 −2
3

 −−−−−→
E12(−1)

1 0 0 3
0 1 0 −4

3

0 0 1 −2
3

 .

As in the process of elimination we did not change the order of the
columns, the solution of the system is the triple (x, y, z) = (3,−4/3.− 2/3).

The previous example showed us how usefull is the matrix formulation
of a system of linear equations. Later we will measure the complexity of the
algorithm to compute the Gaussian elimination. In some cases we are able
to simplify a litle the number of steps to perform the elimination.

As was refered before, there are two different kinds of problems in Linear
Algebra: Systems of Linear Equations and Eingenvalue problems. These
problems have also a different nature. Systems of Linear Equations solve
static problem and Eingenvalue problems deal with dynamical problems.
The next example shows that a static problem is formulated as a System of
Linear Equations, whose solutions are the equilibrium solutions.

Example 2.11 Consider a body with mass m suspend from the ceiling by
two wires (without mass) as shown in the figure 2. By Newton’s Second Law,
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T1
T2

mg

β α

Figure 2 Equilibrium Problem.

producing the horizontal and vertical decompostion of the forces involved, we
get the system of linear equations−T1 cos β + T2 cos α = 0

T1 sinβ + T2 sinα = mg.

The find a solution for our problem we need to find values for the tensions
T1 and T2 that keep our body static. In matricial form this problem is given
by [

− cos β cos α 0
sinβ sinα mg

]
−−−−→

[
1 0 mg

cos β(tan α+tan β)

0 1 mg cos α
tan α+tan β

]
Now that we know all the forces involved in our problem, we can judge if the
solutions that we found have a correspondence with reality. In the solution
of the system we got a common factor K(α, β) given by

K(α, β) =
mg

tanα + tanβ
= T1 cos β =

T2

cos α
.

From these equalities we find a general relation among T1, T2 and K(α, β)
expressed by 

T1 ≥ K(α, β)

T2 ≤ K(α, β)

T1 ·
(

cos β

cos α

)
= T2.
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From the first two equations we get the natural relation T1 ≥ T2 and the
from the third equation we have that they are only equal when α = β. These
corresponds to the experimental observation of the problem. So we may be
satisfied with the solutions that we got.

2.4 Algebraic Inverse of a Matrix.

3 Triangular factorization.

We saw in the previous section that the resolution of a system of lin-
ear equations will lead to an upper triangular matrix. After this step the
solution of the system of linear equations will be much easier as we testify
by the examples involved. We can not loose contact with our great goal –
the resolution of system of linear equations with a lot of variables (several
hundred) with a lot of equations (about the same number). So we can not
be just delighted with the apparent beauty of the matrix method to solve
system of linear equations. We must proceed to the next level of abstraction
and concentrate only in the matrix A.

We will be able to show that the resolution of the system of linear equa-
tions AX = b it is equivalent to the decomposition of the matrix A by the
product A = LU or A = LDU and then the solution of the (much easier)
triangular systems UX = g and Lg = b.

3.1 Triangular Matrices. In the previous section we were able al-
ready to produce one of the fundamental fact about triangular decomposi-
tion: the product on the left side of the matrix A by a convenient sequence
lower triangular matrices will result in an upper triangular matrix that we
will call U .

Indeed, if E1, · · · , En are lower triangular matrices chosen as in the
previous section, then we have

En · · ·E1A = U. (2.10)

We just have to establish two fundamental properties of triangular matrices
to get immediately the triangular decomposition from (2.10). The first result
states that the set of lower or upper triangular matrices is stable for matrix
product.

Proposition 2.1 Consider two square matrices A and B with n rows.
If they are both lower (upper) triangular then the product AB is also a lower
(upper) triangular matrix.

Proof Consider the matrix C = AB. Then by definition of matrix
product we just have to prove that cij = 0 for j > 1 and i < j. Recall
from equation (2.7) that cij =

∑n
k=1 aik · bkj and so cij results from the
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inner product of line i of matrix A with the column j of matrix B. As both
matrices are lower triangular we know that aik = 0 for all k > i and bkj = 0
for all k < j. Again

cij =
n∑

k=1

aik · bkj =
i∑

k=1

aik · bkj +
n∑

k=i+1

aik · bkj =
i∑

k=1

aik · bkj = 0

because i < j as we wanted to prove.

The next result is, in some sense, more fundamental than the previous
one
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4 Symmetric Systems

5 Exercises

1. Can you imagine a set of matrices where the product is commutative?
2. Suppose that A and B are upper triangular matrices. Show that A ·B

is also an upper triangular matrix.
3. Give a solution for the problem in the example 2.11 when alpha = 60◦

and β = 30◦ and when the angles are equal.



(. . . ) Il serait sacrilège de lui adresser la parole.
L’espadrille foulant l’herbe, dédez-lui le pas du chemin.

Peut-être aurez vous la chance de distinguer sur ses lèvres
la chimère de l’humidité de la Nuit?

| Ren�e Char, Cong�e au vent, (1938{1944)

Let’s swim to the moon,
Let’s climb through the tide,

Penetrate the evenin’ that the city sleeps to hide.
Let’s swim out tonight, love, it’s our turn to cry,
Parked beside the ocean on our moonlight drive.

| JIM MORRISSON, Moonlight Drive, (1968)



CHAPTER 3

Determinants

In the previous chapter we were able to see the intrinsic value of the pivots
of a matrix in the classification and in the resolution of a system with linear
equations. We see very easily that the set of solutions of a system does not
change if we exchange the order of the equations. For example the solutions
of the system 

x + 2y + z = 0

y = 1

x + 2z = 2,

(3.1)

is the same of the system, obtained by the previous one by the change of
the order of equations, (show that the solution is (x, y, z) = (−6, 1, 4))

x + 2y + z = 0

x + 2z = 2

y = 1.

(3.2)

We look for a moment to the matrix of coefficients for the system (3.1).
This matrix, that we will denot by A′, is given by

A′ =

1 2 1
0 1 0
1 0 2


To get all the pivots of matrix A′ we proceed as usual1 2 1

0 1 0
1 0 2

 −−−−−→
E31(−1)

1 2 1
0 1 0
0 −2 1

 −−−−→
E32(2)

1 2 1
0 1 0
0 0 1

 .

So the set of pivots for the matrix A′ is exactly {1}. Consider now the
matrix of coefficients for the system (3.2) and denoted it by A′′

A′′ =

1 2 1
1 0 2
0 1 0

 .

31



32 3. Determinants

To obtain the set of pivots for the matrix A′′ we compute the elimination1 2 1
1 0 2
0 1 0

 −−−−−→
E21(−1)

1 2 1
0 −2 1
0 1 0

 −−−−−→
E32(1/2)

1 2 1
0 −2 1
0 0 1

2

 .

The set of the pivots {1,−2, 1
2} for the matrix A′′ is far more interesting.

This simple example shows up that the exchange of rows may destroy the
set of pivots. However, if the pivots are so important in the process of
elimination some property must be kept between the sets of pivots when
we exchange the rows of a matrix. In fact if we look carefully we see that
the absolute value of the product of the pivots in two cases is the same.
This may be coincidence or not. We have another possible permututations
among the rows of A′ so we will try one more case to see what happens.

With this endeavour consider the matrix A′′′ obtained from A′ by row
exchange and the respective elimination

A′′′ =

1 0 2
0 1 0
1 2 1

 −−−−−→
E31(−1)

1 0 2
0 1 0
0 2 −1

 −−−−−→
E32(−2)

1 0 2
0 1 0
0 0 −1

 .

The result was what we were expecting. The new set of pivots is {−1, 1}
whose absolute value of the product of its elements is again 1. We may expect
that the product of the pivots has an important role in the development of
our theory (and practise too.) The next definition states this concept.

Definition 3.1 (Determinant) Given a square matrix A, the determi-
nant of A, denoted by det(A) or by |A|, is the product of its pivots. When
the rank of A is not maximum than the determinant of A is 0.

The determinant of a matrix splits the set of all square matrices in two
complementary sets, the set in where the determinant of a matrix vanishes
and where it does not vanish. This is somehow one of the pillars of all future
developments of our theory about square matrices. The next proposition
establishes an equivalence between singularity and the determinants. The
proof is immediate.

Proposition 3.1 Given a square matrix A, it is singular if and only if
det(A) is 0 and non-singular when the opposite happens.

The next conjecture is the project for the present section. It is one of
the fundamental results in Linear Algebra about the structure of a matrix.
We will see that more than algebraic, this result is genuinely geometric.

Conjecture 3.1 Given a non-singular matrix A, the exchange of rows
will change the set of pivots but the absolute value of the determinant will
remain the same.
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This is not a classical result is Linear Algebra in view that it does not
appear often as a result by itself but as a property of the determinants. We
will see that the determinant of a matrix may be equivalently defined by a
set of properties to which this one belongs. However is something like a lost
opportunity do not express the determinant by the much more explicit way
as we did.

1 Unicity of Determinant.

We will observe now the determinants of 2 × 2 matrices and try to
produce a set of properties from where further properties may be obtained.
In here we will follow closely what is expressed in [24], pages 234–239. The
process will be a litle bit long so take a deep breath.

By definition of determinant the determinant of the matrix∣∣∣∣∣a b

c d

∣∣∣∣∣ = a · d− c · b

as can be proved by the direct computation of the pivots. However, the
pivots for a big square matrix are not so easy to compute. Thus, we need
another way to produce the determinant of a matrix from where we may
generalize the formula every square matrix. We will introduce a set with
three properties that the determinant must fulfil and after we will prove that
the two definitions coincide.

The most wonderful fact about determinants is that it is just necessary
three properties to get the correct definition. These properties are stated
in the case of 2 × 2 matrices but the generalization is obvious to higher
dimensions.

Property 1 The determiant of identity matrix is 1 or∣∣∣∣∣1 0
0 1

∣∣∣∣∣ = 1.

Property 2 The determinant changes sign when two rows are exchange.
Symbolically this means ∣∣∣∣∣a b

c d

∣∣∣∣∣ = −

∣∣∣∣∣c d

a b

∣∣∣∣∣ .
Property 3 The determinant is linear in each row separately. This is

equivalent to say ∣∣∣∣∣t · a t · b
c d

∣∣∣∣∣ = t ·

∣∣∣∣∣a b

c d

∣∣∣∣∣ ;∣∣∣∣∣a + a′ b + b′

c d

∣∣∣∣∣ =

∣∣∣∣∣a b

c d

∣∣∣∣∣+
∣∣∣∣∣a′ b′

c d

∣∣∣∣∣ .
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The first property says that the determinant preserves the identity. The
second property states that the determinant is skew-symmetric. The third
property that it is linear on each entry. With this three properties we must
be able to evaluate the determinant of any square matrix. However we may
deduce a few other properties related with the determinant that will help
us in this goal.

Our job is to show that there exists only one skew-symmetric multilinear
form of order n in Rn. If this sounds like aramaic1 to you don’t worry. Soon
this will be your breakfast. First we will see what we can do with these
properties. By the skew-symmetry of determinant we get∣∣∣∣∣a b

a b

∣∣∣∣∣ = −

∣∣∣∣∣a b

a b

∣∣∣∣∣ = 0.

This is stated in the following property.

Property 4 If two rows of a given matrix A are equal than |A| = 0.

If the determinant of a matrix is by our first definition equal to the
absolute value of the product of pivots than somehow the elimination has
to leave the determinant intact. In fact∣∣∣∣∣ a b

c− l · a d− l · b

∣∣∣∣∣ =

∣∣∣∣∣a b

c d

∣∣∣∣∣+
∣∣∣∣∣ a b

−l · a −l · b

∣∣∣∣∣
=

∣∣∣∣∣a b

c d

∣∣∣∣∣− l ·

∣∣∣∣∣a b

a b

∣∣∣∣∣
=

∣∣∣∣∣a b

c d

∣∣∣∣∣ .
Thus the determinant is not changed by the usual elimination steps. This
is stated in the following property.

Property 5 Subtracting a multiple of one row from another row leaves
the determinant of a matrix intact.

By the linearity of the determinant we may obtain an useful result.
Indeed ∣∣∣∣∣a b

c d

∣∣∣∣∣ =
∣∣∣∣∣a b

c d

∣∣∣∣∣+
∣∣∣∣∣0 0
c d

∣∣∣∣∣ .
Then the determinant of the last matrix must be 0. The next property state
exactly this fact.

Property 6 If the matrix A has one row only with null entries than
|A| = 0.

1Do not forget that more than one fifth of the world population speaks some kind of

chinese.
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The next property shows how to evaluate the determinant of an upper-
triangular matrix. Notice that we do not use the pivots’ formula for this
calculation.

Property 7 If A is an upper-triangular matrix then |A| is equal to the
product of the entries of the main diagonal.

To show that this property is valid we produce a backward elimination,
remember that elimination to not change the value of the determinant, to
obtain [

a b

0 d

]
−−−−−−→
E12(−b/c)

[
a 0
0 c

]
.

By property 3 we get∣∣∣∣∣a 0
0 c

∣∣∣∣∣ = a ·

∣∣∣∣∣1 0
0 c

∣∣∣∣∣ = ac ·

∣∣∣∣∣1 0
0 1

∣∣∣∣∣ = ac.

See for a moment that we already obtain the pivots’ formula. Indeed∣∣∣∣∣a b

c d

∣∣∣∣∣ =
∣∣∣∣∣a 0
c d

∣∣∣∣∣+
∣∣∣∣∣0 b

c d

∣∣∣∣∣ = −

∣∣∣∣∣c d

a 0

∣∣∣∣∣−
∣∣∣∣∣c d

0 b

∣∣∣∣∣ = −

∣∣∣∣∣c d

0 −ad
c

∣∣∣∣∣− cd = ad− cd.

It is important to notice that the first 3 properties were enough to reach
the classical formula for the determinants. So the determinant is the unique
transformation from Mn to R that verifies the properties 1–3. Now we are
able to compute the determinant of any square matrix. The next example
explores this point.

Example 3.1 Using the properties above we want to use them in the
evaluation of the determinant for the matrix

A =

1 2 3
1 1 1
1 1 2


First we use the linearity of the determinant to obtain easier matrices

to compute the determinant. Thus we get∣∣∣∣∣∣∣
1 2 3
1 1 1
1 1 2

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1 0 0
1 1 1
1 1 2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
0 2 0
1 1 1
1 1 2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
0 0 3
1 1 1
1 1 2

∣∣∣∣∣∣∣ .
Each of this matrix are more simple because the first line has only one entry
non-null. We compute here the determinant of the first matrix. the com-
putation of the rest of the matrix is a good exercise. So we will focus in th
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ecomputation of the determinant∣∣∣∣∣∣∣
1 0 0
1 1 1
1 1 2

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1 0 0
1 0 0
1 1 2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
0 1 0
1 1 2

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
0 0 1
1 1 2

∣∣∣∣∣∣∣
On its turn each of these determinants may be decomposed in a similar

way to get ∣∣∣∣∣∣∣
1 0 0
1 0 0
1 1 2

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1 0 0
1 0 0
1 0 0

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
1 0 0
0 1 0

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
1 0 0
0 0 2

∣∣∣∣∣∣∣
This determinants will be all 0 because they have one column with all entries
equal to 0. By the same reasoning we know that∣∣∣∣∣∣∣

1 0 0
0 1 0
1 1 2

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1 0 0
0 1 0
1 0 0

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
0 1 0
0 1 0

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
0 1 0
0 0 2

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1 0 0
0 1 0
0 0 2

∣∣∣∣∣∣∣ = 2.

Finally, the last determinant will be compute in the same way and we get∣∣∣∣∣∣∣
1 0 0
0 0 1
1 1 2

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1 0 0
0 0 1
1 0 0

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
0 0 1
0 1 0

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
1 0 0
0 0 1
0 0 2

∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣∣ = −1.

With the same method we would be able to compute the rest of the de-
terminants and conclude that the determinant∣∣∣∣∣∣∣

1 2 3
1 1 1
1 1 2

∣∣∣∣∣∣∣ = −1.

Notice that the only matrices to which the determinant is not null are
those matrices that at the end will have all their non-null entries in different
rows and columns. This observation may speed up the process of compute
the several determinants.

Using the same method, is an exercise to show the validity of the next
property.

Property 8 Given a square matrix A then |A| = |AT |.

The property 8 reproduces for the columns what we already had for the
rows of a matrix. Thus, for example, the exchange of columns also changes
the sign of the determinant. See for yourself what new results you can get
from property 8.

There are two properties left. The first is the useful computational
criterium to find if a matrix is singular or not. The second is the delicate
property of the determinant for the product of matrices.
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Property 9 Given a square matrix A, if it is singular if and only if
|A| = 0.

Proof Consider a n × n square matrix A. It is very easy to show that
if A is singular then detA = 0 due to the fact that if A is singular then the
elimination will produce a upper-triangular matrix U with rank(U) < n.
Then U has a row with all entries equal to 0, so detU = detA = 0.

At last, the formula for the determinant of the product of matrices and
its conclusion. The relation between the determinant of a matrix and of its
inverse will become clear in the context of linear transformations.

Property 10 Given two square matrices A and B then

det(A ·B) = det A · det B.

The proof of this result is a classical reasoning and it uses in full strength
the axiomatic definition of determinant (i.e., the properties 1, 2 and 3). We
will give just an informal prove in here.

Proof Consider the application L : Mn → R defined by the expression

L(A) =
|A ·B|
|B|

.

If we prove that L is linear and skew-symmetric in the rows of A and L(I) = 1
then L is the determinant by the unicity. The preservation of identity is
obvious. To prove that it is skew-symmetric consider a matrix A and a
matrix P · A that is the result of exchange of rows in matrix A. Then the
same will happen in the product by matrix B because

(P ·A) ·B = P · (A ·B)

Thus by the skew-symmetry of the determinant we obtain

L(P ·A) =
|P · (A ·B)|

|B|
= −L(A).

The linearity is splited in two parts. In the first we have to show that
the image by L of the product of a scalar t by one of the rows of A will be
equal to t · L(A). For simplicty we will suppose that the product occur in
the first row and call to this matrix A′. Notice that in these circumstances
each entry of the first row of A′ · B will be also a multiple of t. By the
properties of the determinant we are able to say

L(A′) =
|A′ ·B|
|B|

= t · |A ·B|
|B|

= t · L(A).

By the simple observation, easily generalized to an arbitrary n, that[
a + a′ b + b′

c d

]
·

[
e f

g h

]
=

[
a b

c d

]
·

[
e f

g h

]
+

[
a′ b′

c d

]
·

[
e f

g h

]
,
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we may obtain without any kind of problems the last property. Therefore,
L verifies the properties 1–3. By the unicity of the determinant we may say
that L(A) = |A| and thus

|A ·B| = |A| · |B|,

that was what we wanted to prove.

2 The big formula.

Now we are able to find a formula for the determinant of a general matrix.
To do this we will need some simple results about permutations introduced
in section 4 of chapter 1. Consider first how to evaluate the determinant of
a matrix of permutation.

Example 3.2 Consider the matrix P23 ∈M4×4 defined by

P23 = P23 · I4 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

This matrix obtained from identity by exchange of the second and the third
rows. Thus by property 2 we get that

det(P23) = −1.

Notice that this permutation is odd because we just nedd to multiply the
matrix I4 by one matrix of permutation to obtain P23. Consider now the
matrix P defined by

P =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 .

Notice that P = P14 · P23 · I4 and thus det(P ) = 1 because we need to
multiply the identity by two matrix of permutation to obtain P and then we
applied property 10. By the same reasoning we can tell immediatly that if
P ′ = P14 · P23 · I4 · P24 then

det(P ′) =

∣∣∣∣∣∣∣∣∣
0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

∣∣∣∣∣∣∣∣∣ = −1.

Notice that all the matrix of the previous example are matrix of permu-
tation, i.e., the product of matrices of permutation is a matrix of permuta-
tion also, in the sense that the product of this one to some other matrix is
equivalent to change of rows or columns. However there are some matrix of
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permutation that we can obtain directly from the identity just by one row
exchange.

3 Geometric meanings.

We will deduce now a formula for the area of the parallelogram and
realize that it coincids with the formula of a 2 × 2 determinant. Consider
now two vectors v1 e v2 that are respectively the position vectors for the the
points A = (x1, y1) and B = (x2, y2). As usual we will deduce the area of
the parallelogram as a difference from other areas that are easier to obtain.

We may easily deduce the the coordinates of several points. Thus, the
coordinates of the point C are (x1 +x2, y1 + y2). With more care we deduce
the value for the coordinates of the points D and E.

The point D results from the interssection of the straight line y = y1+y2

and the straight line that goes along the origin and the point B whose
equation is y = (y2/x2)x. Solving the intersection we will get

D =
(

x2 · y1 + x2 · y2

y2
, y1 + y2

)
.

By the same way, we get the coordinates of the point E from the inter-
section of the straight lines with equations y = 0 and

y =
(

y2

x2

)
x +

y1x2 − x1y2

x2
,

which is the straight line that passes through the points A and C. Solving
the intersection we will get

E =
(

x1 · y2 − x2 · y1

y2
, 0
)

.

(a) A parallelogram. (b) Decomposition of the rec-

tangle.

Figure 1 Measuring the area of a parallelogram.

The area of the bigger rectangle is

Arect = (x1 + x2)(y1 + y2) = x1 · y1 + x1 · y2 + x2 · y1 + x2 · y2. (3.3)
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Without problems we may deduce that the area of the other lighter triangles
is

Atc =
1
2

(
x2 · y2 + x2 · y1

y2

)
(y1 + y2) =

x2y1y2 + x2y
2
2 + x2y

2
1 + x2y1y2

2y2
.

(3.4)
On the other hand, the area of the darker triangles is

Ate =
1
2

(
x1 · y2 − x2 · y1

y2

)
y1 =

x1 · y1 · y2 − x2 · y2
1

2y2
. (3.5)

By (3.3), (3.4) e (3.5) we get the formula for the area of a parallelogram

Aparallelogram = Arect − 2 ·Atc − 2 ·Ate = x1 · y2 − x2 · y1.

We see that the area of the parallelogram is simply the determinant of
the matrix A whose columns are the vectors (x1, y1) and (x2, y2). The
importance of yhis idea is that it is applied to any dimension. So the absolute
value of the determinant of a square matrix of order n is simply the the
hypervolume of n-dimensional parallelogram.

4 Computational cost.

As we had opportunity to notice, the concept of determinant is very
useful in the classification of matrices. There are also remarkable properties
about the determinants that we will talk later. However, the determinant
has a computational problem, by definition its algorithm has factorial com-
plexity. This is very simple to prove using for example the Laplace’s Theo-
rem. The performance of computation of determinants can be improved if
we do first the elimination of the matrix. We pretend to show here that by
this way the complexity of the algorithm is O(n3) using the usual notation.

Consider a n×n non-singular matrix A. To simplify the problem we will
suppose that we do not have to exchange rows in order to have a non-null
entry in the position of the pivots. This is not a problem because the row
exchange is a O(n) problem.

To eliminate each entry under the first pivot we need to perform n

products and n− 1 sums. We need to do this for n− 1 entries so the total
number of operations will be (2n − 1) · (n − 1). Then, at the end the total
number of operations needed to obtain an upper-triangular matrix will be

S′(n) =
n−1∑
k=0

(2n− 1− k) · (n− 1− k).

To evaluate the determinant we need just more n products, the products of
the pivots. So the total number of operations to evaluate the determinant
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using Gaussian elimination is

S(n) = n +
n−1∑
k=0

(2n− 1− k) · (n− 1− k).

All that we just need to prove is that there is a constant K > 0 such that

lim
n→∞

S(n)
n3

= K.

We just consider the sequence S′(n) because the linear term will disap-
pear in the limit. We will show that this sequence is limited and monotonic
ans thus convergent. First, we will try to work out a litle bit the expression
of S′(n)/n3. With this goal we proceed noticed that

S′(n)
n3

=
1
n

n−1∑
k=0

(
2− k + 1

n

)
·
(

1− k + 1
n

)

=
1
n

n−1∑
k=0

(
1− k + 1

n

)2

+
1
n

n−1∑
k=0

(
1− k + 1

n

)
.

One of these limits is very easy to take. Indeed

lim
n→∞

1
n

n−1∑
k=0

(
1− k + 1

n

)
= lim

n→∞

1
n

[
n− 1

n

(
n +

n · (n− 1)
2

)]
=

1
2
.

The solution of our problem lies in the existence of the limit

lim
n→∞

1
n

n−1∑
k=0

(
1− k + 1

n

)2

. (3.6)

We define the sequence an by

an =
1
n

n−1∑
k=0

(
1− k + 1

n

)2

,

we will show that an is bounded and monotonic. To see that it is bounded
it is enough to notice that it is defined by a sum of non-null terms so

0 ≤ an ≤
1
n

n

(
1− 1

n

)2

=
(

1− 1
n

)2

≤ 1.

To see that an is monotonic we evaluate

an+1 − an =
1

n + 1

n∑
k=0

(
1− k + 1

n + 1

)2

− 1
n

n−1∑
k=0

(
1− k + 1

n

)2

≤ 1
n

n∑
k=0

(
1− k + 1

n + 1

)2

− 1
n

n−1∑
k=0

(
1− k + 1

n + 1

)2

=
1
n

(
1− n + 1

n + 1

)2

= 0.
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Therefore, there is a constante K ′ ∈ [0, 1] such that

lim
n→∞

1
n

n−1∑
k=0

(
1− k + 1

n

)2

= K ′.

Thus, we are able say that there exists a constant K ∈ [1/2, 3/2], and thus
bigger than 0, such that

lim
n→∞

S(n)
n3

= K,

which means that the Gaussian elimination is a O(n3) problem and so it is
the evaluation of the determinant by this process.

5 Permutations revisited
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CHAPTER 5

Linear Transformations

Every field of Mathematics tries to isolate a certain property and carry it
over different sets by a specific class of transformations. In Linear Algebra
one of the central ideas is the concept of linear combination presented in the
previous chapters. In chapter 4, we saw several examples of vector spaces
that preserve the structure of the more familiar Rn, altough its elements have
a quite distinct nature. In this chapter we will see that, from algebraic point
of view, all the spaces for which is possible to preserve linear combinations
among them by means of certain bijective maps, are essentially the same.
This fact is very important for applications, because we may speed up the
computation over these spaces computing them, if possible, over the more
familiar Rn and going back.

Linear transformations are the maps between vector spaces that pre-
serve the linear combinations in the sense that, if T : E → E′ is a linear
transformation, then the image of a linear combination in E will be given
by a specific linear combination in E′ as

T (α1v1 + · · ·αnvv) = α1T (v1) + · · ·αnT (vn), with n ∈ N, (5.1)

for any α1, . . . , αnıK and for any v1, . . . , vn ∈ E.

1 Fundamental concepts

1.1 Definitions and main properties. As was said in the introduc-
tory note to the present chapter, we want to find the transformations be-
tween vector spaces that preserve linear combinations. We have called it
linear transformations and the next definition establish this concept.

Definition 5.1 Let E and E′ be two vector spaces over the same field
K. T : E → E′ is a linear transformation if

T (α1v1 + α2v2) = α1T (v1) + α2T (v2),

for all v1, v2 ∈ E and for all α1, α2 ∈ K.

It is left as exercise that a linear transformation T verifies the equation
(5.1). You should also notice that if we have two vector spaces over different
fields, the definition of linear transformation just presented is not valid in
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general, because we do not have the guarantee that the right side of equation
5.1 is an element of E′. The next example explains this point.

Example 5.1 Consider a map T : R2 → Q2 defined by T (x, y) = ([x], [y]),
where [x] represents the integer part of x. It is very easy to see that the prod-
uct by a scalar is not preserved by this transformation. Consider for example
the case

T (π(1, 1)) = (3, 3) 6= π(1, 1) = πT (1, 1) /∈ Q2.

Consider the vector spaces E over the field K and E′ over the field K′.
If K ⊂ K′ then it is possible to link E and E′ by a linear map.

By the way we have defined linear transformations, we know that they
preserve the linear combinations in the sense of equation (5.1). Indeed,
preserving linear combinations, a linear map carry out also the all structure
of vector subspace.

Proposition 5.1 Consider a linear transformation T : E → E′. Then
the image of every subspace S ≤ E is a subspace of E′.

Proof The proof is very easy and is left as exercise (see exercise 5).

The linear transformations have many wonderful properties, due to the
algebraic structures of the vector spaces. The next lemma gives to us a
characterization of one-to-one linear maps.

Lemma 5.1 T : E → E′ is an one-to-one map if and only if the only
vector whose image is the the null vector of E′ is 0E.

Proof First of all, it is very easy to see that T (0E) = 0E′ for any linear
transformation, because of linearity T (0E) = T (0 ·v) = 0 ·T (v) = 0E′ . Using
this fact, let us suppose that T is one-to-one and suppose also that there
is a vector v ∈ E such that Tv = 0E′ . Then T (−v) = 0E′ . Because T is
one-to-one then necessarily v = 0E .

Conversely, if the only vector which its image is 0E′ is 0E , suppose that
there are two vectors v1 and v2 with the same image. Then Tv1 = Tv2

which, by linearity of T , imply that v1 = v2. So T is one-to-one.

The following examples state some important cases of linear transforma-
tions. Notice that the process involved in the proof is always the same. The
first two examples are natural in the euclidean environment. As we proceed,
the structure remains but the objects become more and more interesting.

Example 5.2 Consider T : R2 → R3, a transformation defined by T (x, y) =
(x − y, x + y, 2x). To show that this transformation is linear, consider two
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vector v1 = (x1, y1) and v2 = (x2, y2) in R2, and two scalars α and β in R.
Applying the transformation we will get

T (αv1 + βv2) = (αx1 + βx2 − αy1 − βy2, αx1 + βx2 + αy1 + βy2, 2αx1 + 2βx2)

= α(x1 − y1, x1 + y1, 2x1) + β(x2 − y2, x2 + y2, 2x2)

= αTv1 + βTv2,

which is enough to prove that T is linear. This is the classic reasononing
used to show that a given transformation is linear.

Example 5.3 We now present a transformations that, besides its im-
portance in applications, it is not linear. Consider T (x, y) = (x + a, y + b),
with a and b two real numbers. In order to prove that this transformation
is not linear we do not need to consider as in the previous example two
generic vectors and the respectives scalars, because we just have to prove
that linearity fails in some situations. Consider for example

T ((1, 1)+(1, 0)) = T (2, 1) = (2+a, 1+b) 6= (1+a, 1+b)+(1+a, b) = T (1, 1)+T (1, 0).

We may comclude that T is not a linear transformation. This kind of trans-
formations are called affine transformations and they are very important in
certain applications of linear algebra.

Example 5.4 Consider the transformation T : R3 → P2(x) defined by
T (a, b, c) = a2 + bx + c. It is very easy to see that this transformation is
linear. Doing

T (α1(a1, b1, c1) + α2(a2, b2, c2)) = α1(a1x
2 + b1x + c1) + α2(a2x

2 + b2x + c2)

= α1T (a1, b1, c1) + α2T (a2, b2, c2).

It is also very easy to see that this transformation is one-to-one and onto.
By this observation we see that there is a natural correspondence between
Rn and Pn−1(x).

The last note in the example 5.4 states a natural correspondence between
two spaces that look like quite different realtive to the nature of their objects.
Although natural, this correspondence is not unique (see exercise 7). The
next result states a very important result that will lead us to the concept of
isomorphism. The proof is left as exercise (see exercise 6).

Proposition 5.2 Let T : E → E′ be a linear transformation. If T is
invertible then its inverse T−1 is also linear.

From the previous result, we have that if T is an invertible linear trans-
formation, then linearity goes in both ways. This expresses a kind of equiv-
alence between two spaces linked by this kind of transformations. The next
definition introduces this equivalence properly.
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Definition 5.2 A linear transformation T : E → E′ is an isomorphism
if it is invertible. In this case, the spaces E an E′ are said to be isomorphic
or isomorphous.

The next results state to us a very important property of the isomor-
phisms. We will see that if two spaces are isomorphous they have a linear
transformation linking them that preserves its linear structure. The decisive
step to preserve linear structure is to preserve linear independence.

Lemma 5.2 Let T : E → E′ be a linear transformation. Then T is
one-to-one if the images of linear independent vectors are still independent.

Proof The proof follows directly from lemma 5.1. Consider two linear
independent vectors v1 and v2 and an one-to-one map T : E → E′. Given α

and β in K, suppose that

αTv1 + βTv2 = 0 ⇔ T (αv1 + βv2) = 0.

By lemma 5.1 we must have αv1 + βv2 = 0 and so α and β are both null.
Hence Tv1 and Tv2 are linearly independent.

From the previous lemma is immediately that an one-to-one map trans-
forms bases of the domain into bases of some subspace in the range.

Proposition 5.3 The image of a base by an one-to-one map is also a
base of a certain subspace of the range.

Notice that the only guarantee that we have hitherto is that if T : E → E′

is an one-to-one linear map, then the image of a base of E is a base of a
subspace S′ ≤ E′. The next propopsition, that follows almost directly from
proposition 5.3, says that S′ and E′ are necessarily equal.

Proposition 5.4 Two vector spaces are isomorphic if and only if they
have the same dimension.

Proof Let us suppose that E and E′ are isomorphic. Then there is
an isomorphism T : E → E′ that transform any base of E into a base of
S′ ≤ E′. Let E =< v1, . . . , vn > and suppose that the dimension of E′

is greater than n. So there is a vector w ∈ E′ such that w is linearly
independent of < Tv1, . . . , T vn >. Then T would not be onto, which is
absurd. Then dimension of E′ is less or equal than n. Using an analogous
argument over injectivity of T , we will have that the dimension of E′ must
be greater or equal than n. Hence, dim E ought to be equal to dim E′.

Conversely, let us suppose that the dimensions of both spaces are equal.
Then their bases have the same number of elements. Suppose that the
number of these elements are n and let us define the transformation T : E →
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E′ such that Tei = e′i, where ei and e′i are, respectively, the elements of the
base of E and E′. We have to prove that T is one-to-one and onto.

To prove that T is one-to-one, consider two vectors v1 and v2 in E, with
v1 = α1e1 + · · ·αnen and v2 = β1e1 + · · ·βnen, such that Tv1 = Tv2. This
is equivalent to

T (v1 − v2) = T ((α1 − β1)e1 + · · ·+ (αn − βn)en)

= (α1 − β1)e′1 + · · ·+ (αn − βn)e′n = 0,

Thus αi = βi, for i = 1, . . . , n. Therefore, v1 = v2 and thus T is one-to-one.
To prove that the transformation is onto, just consider w ∈ E′ such that
w = α1e

′
1 + · · · + αne′n then is easy to see, by the way we have defined the

transformation T , that T (α1e1+· · ·+αnen) = w. Hence, the transformation
is onto. Thus, we conclude that T is an isomorphism.

To finish this section, we introduce two concepts that are intimately
related with a linear transformation, its kernel and its image. Due the
vectorial structure, these sets turn out to be subspaces, respectevely, of
the domain and of the vector space that contains the range of a linear
transformation.

Definition 5.3 Given a linear transformation T : E → E′, the kernel of
T is the subset of E such that Ker T = {v ∈ E : Tv = 0E′}. The set T (E) is
called the image of the linear transformation T and is represented by ImgT

or simply T (E).

We left as exercise to show that the kernel and the image are subspaces
(see exercise 8). By lemma 5.1, the kernel gives a nice characterization of
one-to-one linear maps, saying that a linear map T is one-to-one if and only
of Ker T = {0E}.

We introduce now an important result that relates the dimensions of
these subspaces with the dimension of the domain of a linear transformation.

Teorema 5.1 (Theorem of dimensions) Let T : E → E′ be a linear
transformation. Then the dimensions of E, Ker T and T (E) are related by
dim E = dimKer T + dim T (E).

Before we present a proof of this theorem, we give a note on the non-
trivial relation presented by this result. It relates the dimensions of sub-
spaces with a space that do not cantain both. The next result shows us
that proposition 5.4 is a consequence of the more general result expressed
in theorem 5.1.

Corollary 5.1.1 Let T : E → E′ be a linear transformation. If T is one-
to-one then dim E ≤ dim E′. On the other hand, if T is onto then dim E ≥
dim E′. Finally, T : E → E′ is an isomorphism iff dim E = dim T (E).
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Figure 1 The representation of kernel and image of a linear transformation.

This result is connected directly with the Fundamental Theorem of Lin-
ear Algebra. We now present a proof of the theorem 5.1.

Proof Let E =< v1, . . . , vn > and Ker T =< u1, . . . , uk >. Then there
are n − k vectors in {v1, . . . , vn} that are linear independent of the vectors
that span Ker T . So E =< u1, . . . , uk, vi1 , . . . , vin−k

>. Now, we just have to
prove that Tvi1 , . . . , T vin−k

are linearly independents. This follows directly.
From the equality

α1Tvi1 + · · ·+ αn−kTvin−k
= T (α1vi1 + · · ·+ αn−kvin−k

) = 0,

we conclude that α1vi1 + · · · + αn−kvin−k
∈ Ker T so we have necessarily

α1 = · · · = αn−k = 0. So Img T =< vi1 , . . . , vin−k
>, which proves the

desired result.

1.2 Algebra of linear transformations. Its is very easy to see that
the sum of a finite number of linear transformations is again a linear trans-
formation. The proof is left as exercise (see exercise 3). Special topological
properties would be necessary to introduce over vector spaces to treat the
case of the infinite sums of linear transformations. This would lead us far
away from the current discussion. For a detailed treatment of these subject
see for example [19]. From the obvious observation that the product is not
a linear map, we just have to look to the compositions of two linear trans-
formations.

Consider then two linear maps T1 : E → E′ and T2 : E′ → E′′, the
vectors v1, v2 ∈ E, scalars α, β ∈ K and compute

T2 ◦ T1(αv1 + βv2) = α T2(T1v1) + β T2(T1v2)

= α T2 ◦ T1(v1) + β T2 ◦ T1(v2).

This proves directly the linearity of the composition of linear maps. As
usual, the composition is a straight forward method to see if two linear
transformations are the inverse of each other or not. The next examples
explores this point.
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Example 5.5 Consider the subset of P0
n(x) of Pn(x), whose elements

are the polynomials p(x) = anxn + · · · + a1x + a0 such that p(0) = 0. It is
easy to show that P0

n(x) is a subspace of Pn(x). P0
n(x) may be equivalently

defined as

P0
n(x) = {anxn + · · ·+ a1x + a0 ∈ Pn(x) : a0 = 0}.

Consider now the linear transformations D : P0
n(x) → Pn−1(x) defined by

D(p(x)) = p′(x) and I : Pn−1(x) → P0
n(x) defined by I(p(x)) =

∫ x
0 p(t) dt.

By theorem 5.1 these maps may be invertibles because dimP0
n(x) = Pn−1(x).

It is very easy to see that the kernel of both transformations contain only
the null polynomial of the respectives domains. Again, by theorem 5.1 they
have to be isomorphisms. Computing the compositon for p(x) ∈ P0

n(x) we
will have

I ◦D(p(x)) = I(p′(x)) =
∫ x

0
p′(t) dt = p(x)− p(0) = p(x) = idp(x).

On the other hand, by Fundamental Theorem of Calculus, for any p(x) ∈
Pn−1(x) we will have

D ◦ I(p(x)) =
d

dx

∫ x

0
p(t) dt = p(x) = idp(x).

So, we proved that D and I are the inverse of each other.

Notice that, although the natural generalization Pk
n(x) of P0

n defined by

Pk
n(x) = {anxn + · · ·+ a1x + a0 ∈ Pn(x) : ak = 0}

is a subspace of Pn(x), in this case the operator D : Pk
n(x) → Pk−1

n−1(x) is
not an isomorphism, because Ker (D) = {p(x) ∈ Pn : an = · · · = a1 = 0}.
Exercise 10 will explore this point a litle further.

We now introduce the rotations in R2, another important example of
linear transformation. The applications of these are obvious. The conse-
quences of the linearity of this kind of transfomations will be developed
later.

Example 5.6 Given a vector v ∈ R2 it is very easy to see that this may
be expressed in polar coordinates by v = (x, y) = (ρ cos(θ), ρ sin(θ)), where ρ

is the norm of vector v and θ is the angle that v makes with the x-axis. In
polar coordinates, we define the transformation Rφv = (ρ cos(θ+φ), ρ sin(θ+
φ)). It is not at all obvious that Rφ is linear. By simple trigonometric
relations it is easy to see that Rφ is defined in equivalent mode as

Rφv = ρ(cos(θ) cos(φ)− sin(θ) sin(φ), sin(θ) cos(φ) + cos(θ) sin(φ)).
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Going back to cartesian coordinates, the definition of rotation Rφ in these
coordinates is given by

Rφv = (x cos(φ)− y sin(φ), y cos(φ) + x sin(φ)).

From here is straight forward to show that this transformation is linear. The
figure 2 gives us a geometric interpretation about what is going on here. Note
that we have prefered the use of polar coordinates because they are the most
natural for this definition.

Figure 2 Rotation of vectors.

From the definition of rotation it is very easy to find its kernel and the
respective image. This allow us to conclude that the rotations are isomor-
phisms (see exercise 11). Sometimes it is more convenient to consider a
different formalism to treat rotations. Via complex numbers, the rotation
is the outcome of the product of the complexes z by z0, due to the trigono-
metric representation of these. We will see that the same happens in three
dimensions via the quaternions.

Now that we had a considerable algebraic flavour about linear transfor-
mations, it is time to change a litle bit our goals and try to find a good way
to compute them. This is accomplished by the matrix representation of a
linear map.

2 The matrix of a linear transformation

To define a linear transformation T : E → E′ it is enough to know the images
of the vectors of a base of E because, by linearity of T , considering a base
< v1, . . . , vn > of E and a base < u1, . . . , up > of E′, we have for each v ∈ E

Tv = T (α1v1 + · · ·+ αnvn) = α1Tv1 + · · ·αnTvn

= α1(a11u1 + · · ·+ ap1up) + · · ·+ αn(a1nu1 + · · ·+ apnup).

In matrix form, this is equivalent to have

Tv = α1


a11

...
ap1

+ · · ·+ αn


a1n

...
apn

 =


a11 · · · a1n

...
. . .

...
ap1 · · · apn




α1

...
αn

 .
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This simply means that for each linear transformation T : E → E′, it is
possible to associate a p × n matrix A, where p is the dimension of E′ and
n is the dimension of E, such that the j-th column of A is composed by the
components of Tvj in the chosen base of E′. And that’s it, this is the idea.
Now we just have to deal with the details. The next example appears as an
exercise in Strang’s book [24], page 369.

Example 5.7 By the properties of the transpose of a matrix, we know
that the transformation T that to each matrix associates its transpose, it is
linear. Consider T : M2×3(R) →M3×2(R) defined by TA = AT . As usual
we will consider the standard bases in both spaces. Doing

T

[
1 0 0
0 0 0

]
=

1 0
0 0
0 0

 , . . . , T

[
0 0 0
0 0 1

]
=

0 0
0 0
0 1

 ,

we find that the matrix AT associated to the transformation T will be

AT =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


.

Think carefully about the meaning of the matrix AT and how it helps to
compute the values of the transformation T . Given a matrix B ∈M2×3(R),
we need to express it as a linear combination of the elements of the standard
base and write a vector with those values. For example

B =

[
2 2 3
2 1 1

]
= 2

[
1 0 0
0 0 0

]
+ · · ·+ 1

[
0 0 0
0 0 1

]
.

Thus the matrix B is codified by the vector b = (2, 2, 3, 2, 1, 1). Now, in
matrix formalism, we just multiply

AT b =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1





2
2
3
2
1
1


=



2
2
3
2
1
1


The image of the matrix B is now coded by the vector b′ = (2, 2, 3, 2, 1, 1) in
relation to the standard base of the vector sapce that contains the image of
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T . To compute the image we just have to multiply the components of b′ by
the elements of the base and get

TB = 2

1 0
0 0
0 0

+ · · ·+ 1

0 0
0 0
0 1

 =

2 2
2 1
3 1

 = BT .

The example 5.7 it is not a standard first example, but it has the richness
to avoid misunderstandings about the role and the use of matrices of linear
transformations. One of the things that are clear from its analysis is that the
matrix of a linear transformation is not intrinsic in the sense that when we
change the bases of the vector spaces, the matrix also changes (see exercise
14).

Now that we pointed out some important aspects related with matrices
of linear transformations, the obvious step is to see what happens when we
change the bases. With that goal consider the next example that explores
this idea with more familiar spaces.

Example 5.8 Consider the linear transformation T : R2 → R2 such that
T (x, y) = (x + y, x − y). With the standard base of R2 in both sides, it is
very easy to see that the matrix of T is given by

MT =

[
1 1
1 −1

]
.

If we change the basis in the domain to, for example, R2 =< (1, 1), (1,−1) >,
we have to evaluate the images of this base and put the values a new matrix.
This is given by

M ′
T =

[
2 0
0 2

]
.

A careless computation of the values of T in this new situation would be
made by the product

M ′
T

[
a

b

]
=

[
2 0
0 2

][
a

b

]
=

[
2a

2b

]
.

But something is wrong in here because this is not the value of the image of
the vector (a, b) by T . So where is the problem?

The problem is that we did not take in consideration the fact that we
have changed the base in the domain. So the first thing that we have to do
is to codify the vector (a, b) in this new base. It is straight forward to see
that

(a, b) =
a + b

2
(1, 1) +

a− b

2
(1,−1).
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Therefore, the image of this vector will be given by the matrix product

M ′
T

[
a+b
2

a−b
2

]
=

[
2 0
0 2

][
a+b
2

a−b
2

]
=

[
a + b

a− b

]
and thus we get back the right value for the linear map T .

Now that we have changed the base of the domain and we saw the
consequences, we will analyse the case when we change the base in the
vector space that contains the image of a linear map.

Example 5.9 Consider again the transformation T (x, y) = (x+y, x−y).
If we change the base on R2 that contains the range from the standard base to
< (1, 1), (1,−1) >, then the matrix that represents the linear transformation
will be the identity matrix I. Then to compute the value of the image of a
generic (a, b) we just have to compute

I

[
a

b

]
=

[
a

b

]
.

This time we did not carry out a careless computation. Indeed, this just
shows that the image of a vector (a, b) is codified in the new base by the
same components. So the value of the image, if we want to come back to the
standard base, will be

T (a, b) = a(1, 1) + b(1,−1) = (a + b, a− b).

One of the most important features of the matrix of a linear transfor-
mation, it is its ability to compute the composition of linear maps by a very
straight forward process. Using the fact that the image of a linear transfor-
mation may be obtained by the product of the matrix of the linear map by
the matrix with one column, which entries are the components of the vector,
the next example compute the successive 3 dimensional rotation of a vector
by different angles and by different axes.

Example 5.10 do some rotations.

Another important example of linear transformationw that have a direct
geometric meaning is the case of refletions. The next example shows the
most simple of these transformations, the refletion about the straight line
y = x. In the next section about change of bases, we will compute the
general case of these transformations.

Example 5.11 Do some reflection.

Another important aspect related with matrices of linear maps, it is the
capacity that we have now to evaluate the dimensions of the kernel and of
the image of a linear transformation via the rank of the matrix. The next
example introduces this point.
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Example 5.12 Consider the linear transformation T : R2 → R3 given
by T (x, y) = (x − y, x, x − y). With the standard bases on both sides, the
matrix of T is

AT =

1 −1
1 0
1 −1

 .

Computing the rank of AT we find that r(AT ) = 2. This observation will
lead us to a general computational way to find the image and the kernel of T .

First, coming back to the language of systems of linear equations, con-
sider a vector b = (α, β, γ) ∈ R3 and the system

[AT |b] =

1 −1 α

1 0 β

1 −1 γ

 −−−−→

1 −1 α

0 1 β

0 0 γ − α

 .

Hence, the system is only possible when γ = α. Coming back to the language
of linear transformations this means that the only values in R3 that belong
to T (R2) are

T (R2) = {(x, y, z) ∈ R3 : x = y}.
Note that the rank of the matrix AT is equal to the dimension of T (R2). By
the calulations you see that this is not a coincidence.

Second, we may also compute the kernel of T solving the system

AT

[
x

y

]
=

0
0
0

 .

Doing it, we will have Ker T = {0R2}. Notice that the system whose matrix
of coeffients is AT never is undetermined.

From the previous example we see that the rank and the nullity of the
matrix AT give the dimensions of the kernel and of the image of T . This
fact was stated in chapter 2 in the so called Rank-nullity Theorem and is an
analogous of Theorem of dimensions in matrix formalism. Of course that
both derive from the Fundamental Theorem of Linear Algebra established
in the same chapter. The next example uses all these machinery to analyse
a non-trivial case.

Example 5.13 A non-trivial case must be studied in here.
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3 Change of basis

4 Back to permutations

5 Exercises

1. Let T be a linear transformation. Show that for any n ∈ N is valid
the equality T (α1v1 + · · ·αnvv) = α1T (v1) + · · ·αnT (vn).

2. Consider the transformation T : C(R) → C(R) defined by

T (f) =
∫ x

0
f(t) dt.

Show that T is linear. Identify the respective kernel and image.
3. Prove that the sum of two linear transformations is still linear. Give

a generalization of this result to a sum of n linear maps and prove it.
4. Consider the transformation D : Cr([a, b]) → C([a, b]) defined by

D(f)(x) = f(x) + µ1(x)
df

dx
+ · · ·+ µr(x)

drf

dxr
,

where µi are functions. Show that D is a linear transformation and
identify its kernel and its image.

5. Show that the image of every subspace by a linear map is also a
subspace.

6. Show that an inverse of an invertible linear map is also a linear trans-
formation. Give the inverse of the transformation T in example 5.4.

7. Show that the transformation T : R3 → P2(x) defined by

T (a, b, c) = (a + b)x2 + (b− a)x + (a + b + c)

is an isomorphism. Find an example of a linear transformation be-
tween these two spaces that is not an isomorphism.

8. Show that the kernel and the image of a linear transformation are
vector subspaces.

9. ([6], page 110) Let T be a linear transformation of a vector space V

into itself. Suppose x ∈ V is such that Tmx = 0 and Tm−1x 6= 0,
for some positive integer m. Show that x, Tx, . . . , Tm−1x are linearly
independent.

10. Indicate a subset of Pk
n(x) where the operator D is invertible and

show the respective inverse.
11. Prove that the rotation Rφ : R2 → R2 is an isomorphism and indicate

the respective inverse.
12. Consider two linear transformations T1 : E → E′ and T2 : E′ → E′′.

Show that T2 ◦ T1(E) ⊂ T2(E′) and Ker (T1) ⊂ Ker (T2 ◦ T1).
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13. Denote by Tn the n-th composition of the linear transformation T : E →
E. Show that {0E} ⊂ Ker (T ) ⊂ Ker (T 2) ⊂ . . . ⊂ E and give an ex-
ample of a transformation T such that the limite over n of the kernel
of Tn converges to the all domain E.

14. Consider the space M2×3(R) spaned by the base < Aij >, for (i, j) ∈
{1, 2} × {1, 2, 3}, where Aij = [max{δki − δjp, 0}]. Consider the stan-
dard base in M3×2(R) and compute the matrix of the linear trans-
formation T in example 5.7 with these bases. Compute the image of
a generic matrix in M2×3(R) using this matrix.

I can see little twinkly stars,
like Christmas tree lights in faraway windows.

Rings of brightly coloured rocks
floating around orange and mustard planets.

I can see huge tiger striped fishes
chasing tiny blue and yellow dashes,

all tails and fins and bubbles.
I’d look at the grey house opposite, and close the curtains.

| TINDERSTICKS, My sister, (1995)

Do you know how pale and wanton thrillfull
comes death on a stranger hour

unannounced, unplanned for
like a scaring over-friendly guest you’ve brought to bed

| JIM MORRISON, An American Prayer, (1970)
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Orthogonality

1 Fundamental Theorem revisited

2 Projections

3 Orthogonalization of bases
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CHAPTER 7

Least Squares Approximation

We saw before that the system of linear equations AX = b is possible
when b belongs to the vector space of linear combinations of the columns
of matrix A. Sometimes this is not the case. In this chapter we deal the
problem when the number of rows is bigger than the number of columns.
In the applications this case appears when we the number of observations
b0, . . . , bk−1 is bigger than the number of parameters that we have to esti-
mate. The solution that we propose is to get the best vector a in the column
space that minimizes the positive norm ‖AX − b‖2. Geometrically, the so-
lution to our problem correspond to the projection of the vector b over the
row space of A.

After we may introduce more detail to our problem. Imagine that we
believe that we do not equally trust in the observations bi but we still want
to use them all. Naturally we will give different weights to them in a way
that the solution of our problem reflects our first anxieties. This lead us to
the weighted squares problem.

After this step, we may want to add other observations to our initial set.
Do we have to compute everything again? The answer is to compute the
least squares in recursive way.

Finally, the recursive process introduced earlier may not converge. This
corresponds to the case that the problem in non-stationary but consecutive
solutions have a linear link between them. If we can not achieve the ana-
lytical relation between the entries, each recursion will add some noise to
our results. Can we split the signal and the noise. The answer is given by
Kalman filter.

1 General Least Squares Approximation

The general version of the least squares problems is a crucial component
in many areas of Applied Mathematics. This kind of problems often appears
when we have a set of observations O = {(x0, f(x0)), . . . , (xk, f(xk−1))} and
we just may suppose that the function f exists, i.e., there is a casual relation
between xi and f(xi). If we want to make some prevision about the behavior
of this function in another point x that is not in the previous set we just
have to simulate this behavior. There are several ways to do it. One of the
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most obvious way to do this is to do polynomial interpolation. With the set
O we could find a polynomial with degree k−1 that is exact in the points of
this set. However, this has a computational cost, even if we use a recursive
formula like Newton divided differences (and even then). If we want to
keep the degree of the polynomial as low as possible we have to change
the way we look to the problem. On the other hand, we may want to use
other functions to reproduce the behavior of the function f , trigonometric
functions for example, and the simplicity of that kind of interpolation is lost.

So we consider a set of functions Φ = {φ0, . . . , φn−1}, with n < k, and
a function g that is a linear combination of the functions in Φ, where for
every x admissible in our problem we will simulate the behavior of f by

g(x) = a0φ(x) + . . . + an−1φn−1(x).

So the goal of our problem is to find, in a certain way, the best coefficients
ai. One natural way to find them is to minimize the sum

em(a0, . . . , an−1) =
k−1∑
i=0

|f(xi)− a0φ0(xi)− · · · − ak−1φk−1(xi)| ,

of the total error produced by a particular choice of the ai. Analytically this
is equivalent (and much more suitable) to minimize the function

e(a0, . . . , an−1) =
k−1∑
i=0

(f(xi)− a0φ0(xi)− · · · − ak−1φk−1(xi))
2 .

Now we just have to find the gradient of e to find the critical points of this
function. This is obtained by finding the solution of the system of linear
equations


∂e

∂a0
= 0

...
∂e

∂an−1
= 0

⇔



k−1∑
i=0

2φ0(xi) · (f(xi)− a0φ0(xi)− an−1φn−1(xi)) = 0

...
k−1∑
i=0

2φn−1(xi) · (f(xi)− a0φ0(xi)− an−1φn−1(xi)) = 0.

Simplifying the last system, we will obtain a more familiar system (if you
do not agree with me just keep going)

k−1∑
i=0

n−1∑
j=0

ajφj(xi)φ0(xi) =
k−1∑
i=0

φ0(xi)f(xi)

...
k−1∑
i=0

n−1∑
j=0

ajφj(xi)φn−1(xi) =
k−1∑
i=0

φn−1(xi)f(xi).

(7.1)



1. General Least Squares Approximation 63

Why this last system is more useful than the previous one? Just because it
has an implicit matrix multiplication. Consider a matrix A defined by

A =


φ0(x0) . . . φn−1(x0)

...
. . .

...
φ0(xk) . . . φn−1(xk)

 .

The system in (7.1) is thus equivalent to the matrix equation AT Aa = AT f .
Some remarks must be made in relation to this system.

In a certain way our system is redudant because we have more equations
than unknows. As was explained before this is not a problem in many
situations. However we can have redundancy in columns also. Remember
that we have k observations (the number of rows) and n parameters to
estimate. The number of parameters come directly from the number of
functions that we are using to aproximate our signal f . If r(A) < n this
means that at least one function φs is linear dependent of the rest of the set
Φ. In this case we may exclude this function from the set. So from now on
we are assuming that r(A) is equal to the number of functions in the set Φ.
The next examples will help us to understand the mechanical aspects of the
method that we have just presented.

Example 7.1 Consider the set of observations for a certain experiment
given by

O = {(−2,−1/5), (−1, 1/2), (0, 3/5), (1, 9/10), (2, 3/2)}.

The figure 1 is the plot of pairs in O. It is very easy to see that there is almost
a linear relation among the points in O. Therefore, the natural way to relate
these is by means of an affine function g(x) = a0φ0 + a1φ1 = a0 + a1x and
thus present a linear model for the system in question. Now we just have to

Figure 1 Plot of the pairs of observations in O.
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compute the matrix A. From it we get the normal equations AT Aa = AT f .
Numerically this will be given by

[
1 1 1 1 1
−2 −1 0 1 2

]


1 −2
1 −1
1 0
1 1
1 2


[
a0

a1

]
=

[
1 1 1 1 1
−2 −1 0 1 2

]

−1/5
1/2
3/5
9/10
3/2


The solution of this system lead us to the desired values for a0 and a1. The
function g is thus given by g(x) = 33+19x

50 . The straight line in figure 1 is
the graph of this function. As you can see there is a very good adjustment
of this graph with points that result from our observations.

Example 7.2 Consider now the

Example 7.3 Using trigonometric to adjust a periodic behavior.
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2 Weighted

Figure 2 Observations

Least
Square

3 Recursive Least Square

4 Kalman Filter

5 Exercises
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Eingenvalues and Eigenvectors
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CHAPTER 9

Analytic Geometry

Introduction

Analytic Geometry is also called coordinate geometry, since the objects
are described by the coordinates of their points or by relations of the coor-
dinates of theirs points. It is usually present in courses of Linear Algebra
as a final feature. Our case is not an exception. Traditionally the study of
Analytic Geometry is presented as a powerful application of the methods
treated along the course. Our case is also not an exception. However, the
nature of our vision about Linear Algebra will certainly influence, in a de-
cisive way, the treatment of this chapter. So, more than beautiful algebraic
expressions we pursue until we get the powerfull ones, we will test it and,
when necessary, improve it.

The chapter has a natural structure, from the most simple to the most
interesting cases. We start with lines and planes (first degree structures) and
proceed to the traditional conic sections (ellipse, parabola and hyperbola).
Our treatment pretends to be exhaustive to catch the main characteristics
of the several structures. We think that this will be the best option to an
introduction course. It will be mainly constructive as we avoid unneces-
sary formalism. As a result it will be profoundly computational, because
algorithms is what we will be looking for.

1 First degree equations

There are some intuitive ideas about straight lines and planes that we
will overtake with precise analytical definitions of these objects. It is very
easy to see that there is only one straight line through two distinct points
in the space. The basic idea is that these two points point to a precise
direction.

Therefore, given two points A and B in the space, the straight line that
pass through these two points is the set R, of the points C in the space for
which there is a real number λ such that

C = A + λ ·
−−→
AB.

It is important to remark that we could choose any vector v = (v1, v2, v3) lin-
ear dependent of

−−→
AB to define the straight line. Suppose that C = (x, y, z),
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A = (a, b, c) and v as given above. From the definition of straight line we
can deduce the parametric equations of a straight line in the space

(x, y, z) = (a, b, c) + λ(v1, v2, v3) ⇔


x = a + λv1

y = b + λv2

z = c + λv3

and from here the Cartesian equations by solving the systems in order of λ

and obtaining 
x− a

v1
=

y − b

v2
x− a

v1
=

z − c

v3

⇔ x− a

v1
=

y − b

v2
=

z − c

v3
. (9.1)

Note that the system in (9.1) states a very important aspect of the definition
of a straight line in the space, it is the intersection of two planes. As we saw
in chapter 2, the classification of this system will give a

2 Metric Problems

3 Conics Sections

4 Quadratic Surfaces

5 Exercises

Gently they stir, gently rise
The dead are newborn awakening
With ravaged limbs and wet souls

Gently they sigh in rapt funeral amazement
Who called these dead to dance?

Was it the young woman learning to play the ghost song on her baby grand?
Was it the wilderness children?

Was it the ghost god himself, stuttering, cheering, chatting blindly?
I called you up to anoint the earth

I called you to announce sadness falling like burned skin
I called you to wish you well

To glory in self like a new monster
And now I call you to pray

| JIM MORRISSON, Newborn Awakening, (1970)
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Answers to Exercises

Chapter 5

1. It follows directly from the observation that

T (α1v1 + · · ·αnvv) = T (α1v1 + (α2v2 · · ·αnvv))

= α1Tv1 + T (α2v2 + · · ·αnvn).

5. Let us consider a subspace S ≤ E and a linear map T : E → E′. We
have to show that T (S) ≤ E′. By definition of transformation, the image of
S is non-empty.

Consider v1, v2 ∈ T (S) and α1, α2 ∈ K. To show that α1v1 +α2v2 is still
in T (S), consider w1, w2 ∈ S such that Twi = vi. Note that w1 and w2 may
not be unique but they have to exist. By linearity of T we have

α1v1 + α2v2 = α1Tw1 + α2Tw2 = T (α1w1 + α2w2) ∈ T (S)

because α1w1 + α2w2 ∈ S, due to the fact that S is a subspace.

6. Let T : E → E′ be an invertible linear transformation. To show that its
inverse is also linear we have to show that

T−1(αv1 + βv2) = αT−1v1 + βT−1v2,

for all v1, v2 ∈ E′ and for all α, β ∈ K. Due to the fact that T is invertible
then, for each pair v1, v2 ∈ E′ there is an unique pair w1, w2 ∈ E such that
wi = T−1vi. by the linearity of T , for all α, β ∈ K, we have

T (αw1 + βw2) = αv1 + βv2.

Applying T−1 on both sides of the previous equation we get the desired
equality.

7. To show that the transformation is one-to-one it is enough to see that

T (a1, b1, c1) = T (a2, b2, c2) ⇔ (a1 − a2)x2 + (b1 − b2)x + (c1 − c2) = 0

for all x ∈ R. Hence, we necessarily have (a1, b1, c1) = (a2, b2, c2). So
T is one-to-one. To show that is onto, it is enough to see that for any
ax2 + bx + c ∈ P2 we have T ((a + b)/2, (a− b)/2, c− a) = ax2 + bx + c and
so T is onto.
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8. To show that the kernel is a subspace of the domain of a linear trans-
formation, we just have to show that T (αv + βw) = 0E′ . But, by linearity,
this is straight forward. To prove that the image is also a subspace, use the
result that we proved in the exercise 5 of this chapter.

9. Suppose that α0, . . . , αm−1 are scalars such that

α0x + α1Tx + · · ·+ αm−1T
m−1x = 0.

Applying Tm−1 on both sides of the equality, we obtain that necessarily
α0 = 0. We have then

α0x + α1Tx + · · ·+ αm−1T
m−1x = α1Tx + · · ·+ αm−1T

m−1x.

Applying succesively Tm−i, with i ∈ {2, . . . ,m} we will find necessarily
α0 = · · · = αm−1 = 0. So x, . . . , Tm−1x are linearly independent.

10. It is easy to see that the kernel of D is made by the polynomials of
degree 0. To be an isomorphism, the only element in the kernel of D has to be
the null polynomial. Then, in order to transform D into an isomorphism, we
must remove from Pk

n(x) the polynomials of degree 0. From this observation,
is direct to prove that D : Pk,0

n (x) → Pk−1
n−1(x) defined by the usual way is

an isomorphism.
Using the same argument of example 5.5, given the restriction of D,

it is also direct ot prove that I : Pk−1
n−1(x) → Pk,0

n (x) defined as usual by
I(p(x)) =

∫ x
0 p(t) dt is the inverse of D. Notice that the dimensions of the

several spaces are the same.

11. The prove of linearity is straight forward. Clearly the inverse of Rφ

is R−φ. Notice that in polar coordinates, the composition of these two
transformations is equivalent to sum and subtract by φ in the argument of
the vector that we which to map. Note also that when φ = 0 there is no
rotation at all.

12. Given w ∈ T2 ◦T1(E), there must be a v ∈ E such that T2 ◦T1(v) = w.
This is equivalent to say that T1v ∈ T−1

2 (E′′) and so w ∈ T2(E′). We
conclude that T2 ◦ T1(E) ⊂ T2(E′).

To prove the second inclusion is even more simple. Just consider v ∈
Ker (T1). Is direct that T2 ◦ T1(v) = 0E′′ , so v ∈ Ker (T2 ◦ T1). Then
Ker (T1) ⊂ Ker (T2 ◦ T1). In fact this inclusions are stronger because the
linear structure is preserved. The figure 1 help us to understand these
points.

13. We just have to show that Ker (Tn) ⊂ Ker (Tn+1) for all n ∈ N. This
follows from the simple observation that if v is in Ker (Tn) then necessarily
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Figure 1 Graphical representation of the inclusions.

Tn+1v = 0E . Consider for example T : Rn → Rn defined by T (x1, . . . , xn) =
(0, x1, . . . , xn−1). It is obvious that Ker (T k) = Rn for k ≥ n.

14. The base < Aij > is given by the linearly independent matrices

A11 =

[
0 1 1
0 0 0

]
, A12 =

[
1 0 1
0 0 0

]
, A13 =

[
1 1 0
0 0 0

]
,

A21 =

[
0 0 0
0 1 1

]
, A22 =

[
0 0 0
1 0 1

]
, A23 =

[
0 0 0
1 1 0

]
.

With the standard base in M3×2(R) given by < A′ij >, where A′ij = [δij ],
we find that the matrix of the linear tansformation T in the example 5.7,
for the considered bases, is given by

BT =



0 1 1 0 0 0
0 0 0 0 1 1
1 0 1 0 0 0
0 0 0 1 0 1
1 1 0 0 0 0
0 0 0 1 1 0


.

To compute the image of a generic matrix in M2×3(R) we have to codify
the generic matrix

C =

[
a b c

d e f

]
by the base < Aij >. It is straight forward that the codification is given by
the vector c = (1/2)(−a+b+c, a−b+c, a+b−c,−d+e+f, d−e+f, d+e−f).
So the image of the generic matrix C by T will be given by

BT c =
1
2



0 1 1 0 0 0
0 0 0 0 1 1
1 0 1 0 0 0
0 0 0 1 0 1
1 1 0 0 0 0
0 0 0 1 1 0





−a + b + c

a− b + c

a + b− c

−d + e + f

d− e + f

d + e− f


=



a

b

c

d

e

f


.
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“Tudo tem um fim, excepto as salsishas que têm dois”.
(Everything has an end, except the sausages that have two.)

| ANONYMOUS, on a mural in Lisbon, (timeless)
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[18] Gonçalo Morais. Mathematica Ex Machina, Part 1A, Concrete Calculus. in prepara-

tion, 2010.

[19] Jerrold Marsden Ralph Abraham and Tudor Ratiu. Manifolds, Tensor Analysis and

Applications. Springer, 1988.

[20] Robert Sedgewick. Algorithms in c, Part 1–4. Addison-Wesley, 1998.

[21] Gilbert Strang. Introduction to Applied Mathematics. Wellesley-Cambridge Press,

1986.

[22] Gilbert Strang. Linear Algebra and its Applications. Harcourt Brace Jovanovich, Inc,

1988.

[23] Gilbert Strang. Too much calculus. SIAM Linear Algebra Activity Group Newsletter,

2002.

75



76 Bibliography

[24] Gilbert Strang. Introduction to Linear Algebra. Wellesley-Cambridge Press, 2003.

[25] Lloyd N. Trefethen and III David Bau. Numerical Linear Algebra. SIAM, 1997.


	Preface
	Introduction
	Chapter 1. Fundamental Concepts
	1. Vectors and scalars.
	2. The Geometry of planes and straight lines.
	3. The idea of proportion. Linearity.
	4. Permutations.

	Chapter 2. Systems of linear equations
	1. The geometry of linear systems.
	2. Matrix formulation of Linear Systems.
	3. Triangular factorization.
	4. Symmetric Systems
	5. Exercises

	Chapter 3. Determinants
	1. Unicity of Determinant.
	2. The big formula.
	3. Geometric meanings.
	4. Computational cost.
	5. Permutations revisited

	Chapter 4. Vector Spaces
	1. Solutions of Homogeneous SLE
	2. More general sets
	3. Basis and Dimension
	4. Fundamental Theorem of Linear Algebra
	5. Solutions of Non-Homogeneous SLE

	Chapter 5. Linear Transformations
	1. Fundamental concepts
	2. The matrix of a linear transformation
	3. Change of basis
	4. Back to permutations
	5. Exercises

	Chapter 6. Orthogonality
	1. Fundamental Theorem revisited
	2. Projections
	3. Orthogonalization of bases

	Chapter 7. Least Squares Approximation
	1. General Least Squares Approximation
	2. Weighted Least Square
	3. Recursive Least Square
	4. Kalman Filter
	5. Exercises

	Chapter 8. Eingenvalues and Eigenvectors
	Chapter 9. Analytic Geometry
	Introduction
	1. First degree equations
	2. Metric Problems
	3. Conics Sections
	4. Quadratic Surfaces
	5. Exercises

	Appendix A. Answers to Exercises
	Chapter 5

	Bibliography

